- _ | Smart Chemical Engineering
=ClI I Ig ht https://www.sciltp.com/journals/sce

Article

Physics-Informed Neural Network for Solving Forward and
Inverse Problems of Granular Flow in the Homogeneous
Cooling State

Bing Wan !, Bidan Zhao '**, Lijing Mu * and Junwu Wang '+

! Beijing Key Laboratory of Process Fluid Filtration and Separation, College of Mechanical and Transportation Engineering,
China University of Petroleum-Beijing, Beijing 102249, China

2 State Key Laboratory of Heavy Oil Processing, China University of Petroleum-Beijing, Beijing 102249, China

3 Key Laboratory of Special Equipment Safety and Energy-Saving, State Administration for Market Regulation, China Special
Equipment Inspection & Research Institute, Beijing 100029, China

4 State Key Laboratory of Deep Geothermal Resources, China University of Petroleum-Beijing, Beijing 102249, China

* Correspondence: bdzhao@cup.edu.cn (B.Z.); jwwang@cup.edu.cn (J.W)

How To Cite: Wan, B.; Zhao, B.; Mu, L.; et al. TPhysics-Informed Neural Network for Solving Forward and Inverse Problems of Granular Flow
in the Homogeneous Cooling State. Smart Chemical Engineering 2025, 1(1), 6. https://doi.org/10.53941/sce.2025.100006

Received: 9 August 2025 Abstract: The advent of machine learning has prompted the emergence of innovative
Revised: 5 October 2025 methodologies for predicting the hydrodynamics of granular flows. In this study,
Accepted: 20 October 2025 the physics-informed neural network (PINN) approach was employed to solve the
Published: 6 November 2025 forward and inverse problems of a simple granular flow with smooth particles in the
homogeneous cooling state. The three techniques, which are the dimensionless granular
temperature as the optimization of the loss functions, the normalized time information
as the input layer, and adjusting local weights of sample points based on the physical
characteristics, have been shown to significantly contribute to enhancing the precision
of classical PINN in predicting the variation of granular temperature over time. The
proposed method (developed PINN) has been validated for many different cases and
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1. Introduction

The granular flows are widely present in the nature and the industrial fields, including pharmaceutical
engineering, food engineering and numerous other disciplines [1]. Despite the presence of certain parallels with
gas and liquid systems, these systems are distinguished by their distinct and more intricate hydrodynamics, a
consequence of the dissipative solid particle constituting the fundamental element [2, 3]. The computational
simulation has been identified as a prevalent methodology for the details of granular flows. The continuum model
is rooted on a hypothesis that the granular flow is analogous to the gas or liquid flow. Under this assumption, the
solid particles are considered to be similar to the gas molecules, thus enabling the application of mass, momentum
and pseudo-energy conservation equations for describing the hydrodynamics of granular flows [4]. Furthermore,
the constitutive relations related to the complex interaction between particles can be closed by kinetic theory of
granular flow (KTGF) [5]. The accuracy of continuum model is dependent on the constitutive relations, such as the
solid stress tensor [0]. However, the calculation of KTGF encompasses numerous strict assumptions, including
the two-body interactions and molecular chaos [7-9]. Focusing on the motion of the single particle, the Lagrange
method such as discrete element method (DEM) has the capability to analyze the interaction between solid particles
and obtain the motion and location of any particles in a granular flow [10,11]. In addition to the aforementioned
points, it should be stressed that the computational time is always long for both classical methods, so there is still
much room for improvement in the efficiency of the methods [12].

The advent of machine learning [13, 14] has prompted the emergence of innovative methodologies for the
description of the hydrodynamics of granular flows [15, 16]. Since the moment of its inception, considerable attention
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has been directed towards the Physics-Informed Neural Network (PINN) [17-21], with the objective of achieving
a balance between interpretability and solution precision. This flexible neural network has been demonstrated
to possess the capacity to construct intricate maps that encompass both inputs and outputs. The loss function is
associated not only with the data themselves, but also with the physical laws that underpin the studied system. These
include the partial differential equations that control the parameter optimization of the neural network, and it is
these equations that ensure that the parameters satisfy the physical laws. Its extensive utilisations in resolving both
forward and inverse problems pertaining to gas flows have been well-documented. In particular, its capability of
solving inverse problems, which is the finding of whole flow fields from the underlying governing equations and
few input (experimental) data, is quite unique, and therefore, should have a bright future in the study of granular
flow and gas-solid flow, provided relevant technical challenges can be reasonably solved.

In this work, we made a try to utilize the PINN framework [20] to solving the forward and inverse problems of
granular flow with smooth particles in the homogeneous cooling state (HCS) [22,23]. The implementation of three
techniques in the PINN, namely the dimensionless granular temperature as the variable in the loss functions, the
normalization of the time information as the input layer, and adjusting local weights of sample points based on the
physical characteristics have been developed. Then this work investigated (I) when the governing equation is closed,
whether the precision of this developed PINN has been enhanced the predictive precision for granular temperature
for different operation conditions or not; (II) when the governing equation is unclosed, whether this developed
PINN has the ability to solve a series of inverse problems for granular flow in the HCS. The remainder of this work
is organized as follows: in the Section 2, the specific framework of this study is introduced; in the Section 3, the
differences and connections between the classical PINN and developed PINN are discussed; Section 4 presents the
results of the developed PINN in solving forward and inverse problems and the exploration of influencing factors
for granular flow in HCS; and finally the Section 5 provides a summary of this work.

2. Granular Flow with Smooth Particles in Homogeneous Cooling State

The granular flow in the homogeneous cooling state can be considered as a simple system, where solid particles
are distributed uniformly in the three-dimensional periodic domains at the beginning and the particle velocity c
satisfies the Maxwellian distribution:
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where the related average macroscopic velocity of the whole domain is zero, n is the number density, and the
fluctuating energy of granular flow is defined as the granular temperature § = % < c? >, and the granular
temperature at initial time is denoted as 6y. As time progresses, the granular temperature decreases due to the
inelastic collisions between solid particles, and for a while, particles’ spatial distribution remains uniform in the
domain. This state of granular flow is designated as the homogeneous cooling state (HCS). Consequently, the sole

governing equation that can be applied is the granular temperature equation [24]:
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where the parameter in the dissipative source term A can be deduced by the kinetic theory of granular flow:
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and the radial distribution function gy = LR where the restitution coefficient e quantifies the dissipative
particle-particle collisions, d,, is the particle diameter and ¢ is the solid concentration. It is possible to obtain the
variation of granular temperature with time by integrating Equation (2) with the help of initial granular temperature 6:
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If the starting time is ¢y = 0, this expression of granular temperature (4) can be rewritten as 8 = 6y /(1+t/ 70)2,
where 70 = ——2r. As the inelastic collision between particles continues for a long time, the particle within the
A02

system are no longer distributed uniformly. Instead, particle clusters gradually form in the domain. This state is not
HCS any more, and is not the focus of present work.
In the pursuit of utilizing physics-informed neural networks to directly solve the granular flow, above simplest
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granular flow in the HCS is identified as the subject for study. First of all, when the governing equation is closed,
the changing of granular temperature over time has the analytical solution. We will use this fact for investigating the
solving ability of forward problem of this simplest granular flow system using PINN. Then no matter missing the
initial granular temperature 6 or missing the parameter of dissipated source term A, or missing both of them, the
corresponding governing equation is not completed. This problem is called as the inverse one. Then we make a try
to solve a series of inverse problems with the help of some sample calibration data for the granular flow in HCS.
The variables under consideration and the material properties of the particles in the basic case of the granular flow
system are illustrated in Table 1. It is evident that the comparison to the analytic solution, Equation (4), provides a
clear demonstration of the predicted accuracy of PINN.

Table 1. Physical properties and simulation parameters.

Variable Value
Particle number N 5 x 10%
Particle diameter d,, (m) 1x1073
Particle density p, (kg/m?) 1500
Solid concentration £ 0.1
Side length of simulation domain L (m) 0.064
Restitution coefficient e 0.95
Total calculating time (s) 5
Initial granular temperature 6 (m?/s?) 0.01

3. Physics-Informed Neural Network

Physics-informed neural network, the frame diagram of classical version for the granular flow in HCS is
shown in Figure 1, is a method to predict or reconstruct the field hydrodynamics described by the partial differential
governing equations, which has attracted lots of attention since it was proposed. As in the single phase flow system,
the input layer of PINNS is temporal and spatial information, which directly determines the temporal and spatial
resolution of all obtained hydrodynamic variables in the output layer. Each hydrodynamic variable is corresponding
to a temporal and spatial point one by one. The hidden layers in the neural network dig out the complex mapping
relations between the input layer and output layer. In this work, the granular flow in the HCS has been focused, the
input layer only relates to the temporal information, and the output layer is the corresponding granular temperature.
Since the full connected neural network is chosen, the relationships between different layers in the neural network
can be expressed as follows:

z° = (1)
2" = o(WkzF-1 4 bF), 1<k<L-1 6))
z" = Uout(vvkzki1 + bk)v k=1L

where the output layer is the predicted granular temperature, i.e., 6 = z”, where the layer number of this neural
network is L. The weight matrix and bias vector of the k*" layer is denoted as W* and b*, and o(-) is the nonlinear
activation function and tanh is selected as activation function between the input layer and the hidden layers, as well
as within the hidden layers. In order to ensure each element in the output layer as the granular temperature at the
different time, which is constantly greater than 0, the activation function between the last layer of the hidden layers
and the output layer is set as 04, (x) = softplus = In(1 4+ €*). Moreover, the neural network can be expressed
as layers = [1,128,128,128, 128, 1], which means the width of each hidden layer of the neural network has a
number of 128 neurons, and this neural network includes a total of 4 hidden layers. The 1 in the input layer and
output layer represents separately that the input layer has only one variable ¢, and the output layer has only granular
temperature 6.

The vital part of PINN is the automatic differentiation technology. Once the weight matrix, the bias vector and
the activation function are defined, the temporal and spatial differentiation of hydrodynamic variables of flow system
can be calculated by the chain derivative laws. That means differentiation of hydrodynamic variables are directly by
the numerous parameters of the neural network. In the classical neural network, the solved parameters only need to
guarantee that the predicted hydrodynamic variables approximate the true values, which is the final optimized goal
expressed as the loss function. However, in PINN, the optimization goal of numerous parameters is not only related
to the data error as mentioned above but also related to the error of the governing equations. Thus the optimization
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goal L for the granular flow in HCS is composed by the loss function corresponding to the governing equation
LopE, the loss function corresponding to the initial condition L~ and the loss function expressed as the distinction
between the predicted granular temperature and the true one Lp,¢, at the sampled points:

L =Lope + Lic + Lpata, ©)
where each parts can be expressed as
Ny 2
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where the predicted variable is denoted as -, thus the granular temperature is 6 and the true granular temperature is
denoted as 6, NV, is the total number of predicted granular temperature, Np,¢, means the number of sampled points,
thus Ny >> Npate and both of them is not correlated with each other.
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Figure 1. The frame diagram of classical PINN for the granular flow in HCS.

It is important to emphasise the following point: The investigation will explore the capabilities of PINN, when
utilising two loss functions (Lopg and L;¢), in addressing the temporal change in granular temperature. In this
kind of forward problem, it is not necessary for the sample points to be included. In the case of the inverse problem,
however, the inclusion of some sample points in the whole loss function is necessary in certain situations. These
situations include the missing parameter of the dissipation source term for an incomplete governing equation, or
missing the initial condition. In instances where the initial condition is absent, the loss functions associated with
the complete governing equation and sampled points can be employed as the optimization objective for PINN. In
certain instances, where both the uncompleted governing equation and missing initial condition are present, the
objective of optimisation in PINN involves the utilisation of the uncompleted governing equation and the sampled
points as the standard values.

Once the loss function is confirmed in PINN, substituting the results of the automatic differentiations about
hydrodynamic variables into the loss function as the optimized goal, the classical parameter optimized algorithms
such as Adam and L-BFGS-B, are utilised individually for the purpose of finding W* and b*. The switching
optimization algorithm is characterised by the Adam method, which is utilised for a limited number of iterations
while the adapted learning rate is used. Subsequently, L-BFGS-B is employed for the purpose of parameter
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optimization. In the event of the total loss function being very small and almost not changing at the point of Adam’s
termination, it is conceivable that L-BFGS-B will cease to be effective.

Considering the significant difference of the order of magnitude between the input layer ¢ € [0, 5] and the
output layer § € [107°,1072], we make a try to establish developed PINN (as shown in Figure 2) with three
following techniques for balancing the data difference. First of all, the time in the input layer can be normalized
as follows:

_ t—tmi
t=2—-"" 1, (10)
tmam - tmzn
then, the value range of data in the input layer holds in [—1,1]. Secondly, during the solution process, the
dimensionless granular temperature is defined as § = %. With the combination of the normalized time , the
corresponding governing equation of granular temperature in the loss function of PINN can be rewritten as:
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Figure 2. The frame diagram of developed PINN for the granular flow in HCS.

The combination of the normalized time as Equations (10) and (11) related to dimensionless granular tempera-
ture 0, ensures that the orders of magnitude of the input layer and output layer remain within the range of [—1,1].
But in term of the changing rule of granular temperature over time, although the granular temperature has been
dimensionless, there still are a significant difference between granular temperature at different moments. As time
goes on, the contribution of the subsequent moment granular temperature governing equation to the whole loss
function becomes smaller. This situation will result in the whole loss function based on Equation (11) being unable
to constrain the governing equation to remain satisfied when the granular temperature being smaller. Therefore, we
adjust the form of the loss function corresponding to the governing equation for balance the contribution of loss
function corresponding to the granular temperature related to ODE as follows: by dynamically adjusting the local
weight of the governing equation as é%, when the granular temperature is low, the corresponding governing equation
weight in the whole loss function is large:

>

max tmin d{l

N,
1 1 1_3

L :72? A0Z0Z 3. 12

ODE = - Hth 507112 (12)

It will be demonstrated that those optimized techniques facilitate the mapping between the normalized ¢ and
the dimensionless § more efficiently by PINN. Because of the two linear map relationships about one between
and ¢ and another one between 6 and 6 are explicit, thus the developed-PINN have the capability to establish the
map between ¢ and 6. In other words, the developed-PINN has the capacity to predict the variation of granular
temperature with time.

In addition to the above, we use sparse moments as input for PINN to verify its learning ability and verify its
generalisation ability in denser temporal series as Figure 3. The time interval between sparse moments is 0.01, and
the interval between dense data is 0.005.
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In the following section, the application of developed PINN will be examined for the purpose of solving the
forward and inverse problem of the granular flows in HCS. Meanwhile, the impact of the number of sample points
on the predicted results of inverse problem has also been investigated.

9:(t1)
o - 0(t2)
Training PINN ’ '
A(tNt);
- (aw ) / """"""""""""" 0t |
tia 0(t11)
a t ot
- PINN -“)
Generalization tn e WIth e )
5 ty wk, b* a(t,)
tn, 6ty

Figure 3. Training and generalization of classical/develoed PINN.

4. Result and Discussion

4.1. Forward Problem

First of all, we need to validate the developed PINN for solving the granular flow in the HCS and to demonstrate
these three improvements included in PINN for improving the solving accuracy. As mentioned above, when the
governing equation, constitutive relation such as dissipation source term, and the initial condition are complete, the
variation of granular flow with time can be expressed by the analytical form. Thus we can compare the predicted
results by classical and developed PINN with the analytical ones. At the aim of investigating the validation of PINN
generally, here we focus on different cases besides basic case (Casel) as shown in Table 2.

Table 2. Different physical properties and simulation parameters in different cases.

Case Number Different Physical Properties Value Time Interval ? Niter ? ILR€
1 Basic case as shown in Table 1 / [0,5] 5 x 10% 1x 1073
2 Solid concentration 0.2 [0,5] 5 x 10* 1x10°4
3 Restitutive coefficient e 0.7 [0,1] 5x 10* 1x107*
4 Initial granuIaQr te;nperature T 0.05 [0.5] 45 %100 1x10-3
(m?/s%)
5 Particle number N 1 x 10° [0,5] 5x 10* 1x 1073
6 Particle diameter d,, (m) 2 %1073 [0,5] 5 x 10% 1x 1073

2 The unit is second; P Niter: Iterative number; ® ILR: Initial learning rate of Adam.

In order to more effectively demonstrated the discrepancy in prediction, a relative error between the predicted
value and the analytical value is defined as follows:

_ |0predicted(ti) - otrue (ti)|

; 1
R(tl) atrue(ti) ? ( 3)
and its mean is
Ny
—_ 1
R(t;)) = — R(t;). (14)
() = 5, 2 Rt
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For these different cases, the classical PINN and the developed one have been utilized for solving the governing
Equation (2). The corresponding results regarding the variation of granular temperature with time are shown in
Figure 4. It can be seen that in comparison with the analytical solution, in a very short period of time, there is a
substantial discrepancy in the granular temperature has been observed in the results obtained by the classical PINN.
However, the developed PINN demonstrates a high level of accuracy in its predictions, with a satisfactory control
error performance within the predicted time frame. Further, the mean relative error R(t;) of developed PINN always
are smaller than classical one as 2—4 magnitude within the predicted period as Figure 5.
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Figure 4. The predicted variation of granular temperature and relative error with time by PINNs compared by
analytical solution as Equation (4).
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6.95¢+01 5.81e+01 mmm Classical PINN

mmm Developed PINN
2.23e+01 2.23e+01

4.74e+00
2.95e+00

Mean Relative error/%

Casel Case2 Case3 Cased CaseS Case6

Figure 5. The comparsion of classical/develpoed PINN about the mean relative error of 6(¢;).

We further analyse the reasons for the differences in the predictive performance of two PINNs: normalized
time and dimensionless granular temperature in developed PINN can keep the absolute value of both the input and
output layer values around 1. Neural network make it relatively easy to find relationships between variables on
the same order of magnitude. Overall. it appears that two techniques help to improve the predictive accuracy of
developed PINN. However, the classical PINN predicted granular temperatures that differed significantly from the
analytical solutions when the granular temperature becomes low. The novel developed PINN successfully managed
to control the deviation by establishing dynamic local weights that were consistent with the physical characteristics.
This resulted in larger weights being assigned to the governing equations at lower granular temperatures. This
adjustment resulted in corresponding loss functions accounting for a greater proportion of the overall loss function,
thereby necessitating compliance with this constraint. Consequently, the developed PINN demonstrated higher
prediction accuracy when the granular temperatures were low.

The results presented in Figure 6 encompass both the training process and the generalization process of PINN.
In the following, an analysis will be conducted of the training errors of the two PINN methods under conditions of
small sizes of input layer, and of the generalization errors within the global temporal information as input layer.
The investigation revealed that the training errors and generalization errors of the two methods are consistent,
with both being similar to the global averaged relative error as Figure 5. It has been demonstrated that the PINN
method exhibits favourable generalization performance for interpolation problems of granular flow in the HCS, as
evidenced by the more precise moments in input layer obtained through the compression of the original sparse
input layer. Besides, it has been demonstrated that, in both the training process and the generalization process, the
accuracy of classical PINN is lower than that of developed PINN. This finding indicates that the incorporation of
normalized time, dimensionless granular temperature, and dynamic local weights can effectively reduce the training
and generalization errors of the PINN method when applied to granular flow.

5.85¢+01 mmm Classical PINN

mmm Developed PINN
2.2de+01 2.24e+01

5.79¢+01 mmm Classical PINN

mmm Developed PINN
2.21e+01 221401

4.83¢+00 4.68e+00

2.78¢+00 3.09¢+00

Mean Relative error/%
Mean Relative error/%

(a) (b)

Figure 6. The mean relative error of classical/developed PINN in the training process and the generalization process.
(a) The mean relative error in the training process; (b) The mean relative error in the generalization process.
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We have proven the ability of the developed PINN to solve the forward problems of granular flow system in the
HCS. Therefore, upon completion of the governing equation, constitutive relationships and initial/boundary value
conditions, PINN can be utilized as a novel approach to substitute for conventional CFD solvers in the solution of
granular flow systems.

In addition, for the complex granular flow systems, common modeling approach such as kinetic theory always
make numerous assumptions, but we can obtain some measure data through experiments. Additionally, for the real
industrial granular flow system, initial and boundary conditions are often difficult to determine. The system with the
incomplete governing equation and initial/boudary conditions is referred to as an inverse problem, which is difficult
to solve by traditional CFD or DEM methods. In the following part, our goal is to combine a small amount of
experiment data with the developed PINN with the high precision to solve inverse problems in granular flow system.

4.2. Inverse Problem

Because of the validation of developed PINN being conducting for forward problems of many cases as
mentioned above, furthermore, the granular temperature changes similarly over time. Nextly, for dealing with
the inverse problems, only basic case (Casel) has been focused on. In the complete Casel, the initial granular
temperature is 6y = 0.01. We can use kinetic theory of granular flow to obtain A as Equation (3), and the variation
of granular temperature over time can be calculated analytically and accurately by Equation (4). These can all be
used as comparison values for solving inverse problems with the developed PINN. Specially, the inverse problems
can be classified into three categories: The first category is characterized by an incomplete governing equation with
a missing parameter A in the dissipation source term. The second category is characterized by a missing initial
granular temperature 6. The third category is characterized by a missing parameter in the dissipation source term
and the initial granular temperature. In the following, we will investigate the validation of the developed PINN for
each inverse problem.

4.2.1. The First Inverse Problem: Missing the Parameter A in the Dissipation Source Term

For this kind of inverse problem, the form of loss function is the same as the Equation (6), which contains
the first part Lo pp related to the incomplete governing ordinary differential equation with missing A, the second
part L;c related to the initial granular temperature and the third part L p,¢, related to the true granular temperature
at same sampled time. At the same time, both of dimensionless granular temperature and normalized time have
been substituted into the whole loss function, and the adjustment of local weights upon the governing equations
with different times has been used to balance the contributions to the Lo pg. Thus, the whole loss function can be
expressed as:

L :LODE + LIC + LData

N, ~ Npata
1 1 2 do; 1_3 _ 1 _ (15)
=N o —= T 4026212 + |16, — 1.0||2 0; — 0(t)||3
N, ?:1: Gi”tmam—tmm a, 507112 + [160 |\2+NDm ; [10; — 0(t:)]l3

And in developed PINN, the initial learning rate of Adam is 1 x 10~* and Adam iteration is 5 x 10*. The
number of sampled data in Ly, is 21.

The mean relative error of granular temperatures at sparse 501 moments learned by the developed PINN is
0.0433%. Then trained developed PINN has been used to predict for the granular temperature at other 500 moments,
and the corresponding relative error is 0.0437%. Then whole predicted granular temperature at 1001 moments
and the ensemble relative error within O to 5 s by the developed PINN is shown in the Figure 7, where the mean
relative error is 0.0435%. For this first inverse problem, the developed PINN demonstrates comparable training and
generalization performance, while exhibiting high accuracy in the representation of granular temperature variations
over time.

By comparing with results for the forward problem of Casel, the ensemble mean relative error is only 0.0045%
higher than the one related to forward problem. On one side, this result is still encouraging, because traditional
methods such as CFD cannot solved this problems such as the granular flow without the complete governing
equations. On the other hand, this indicates that incorporating complete governing equations into the loss function
helps to improve the accuracy of PINN predictions of granular temperature of the granular flow in the HCS.

In this kind of inverse problem, in addition to the granular temperature, the parameter of dissipation source
term A need to be learned out. Here, with the combination of the 500 temporal points in input layer, the developed
PINN has predicted to value of A as A = —57.3452, the corresponding relative error is 0.0044% by comparing with
the analytical result by KTGF. These results indicate that the developed PINN has the capacity to address not only
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the hydrodynamics of granular flow systems but also the constitutive relationships that are challenging to determine
in the governing equations. As mentioned in the introduction, the classical methods such as KTGF or DEM
statistical method for determining solid phase constitutive relationships are all subject to certain limitations. Thus,
this approach is instrumental in establishing the constitutive relationships for the complex granular flow systems.

Temperature Prediction Relative Error

, Casel: N=5¢04, =0.95, 00 =0.01,e,=0.1

— 0.30
N, 10
~
£ 0.25
s} X
o 0.20
210° g
£ K 0.15
Q [5)
g =
8 = 0.10
— [}
= 10*{ —— PINN Prediction ~
5 0.05
g «  Analytical Solution
O - = = = 0.00
10! 10° 107 10" 10° o 1 2 3 4 5
Time, [s] Time [s]
(a) Casel: 6(¢) (b) Casel: R(t;)

Figure 7. In the first inverse problem, the predicted variation of granular temperature and relative error with time by
developed PINNs compared by the analytical solution as Equation (4).

4.2.2. The Second Inverse Problem: Missing the Initial Granular Temperature 6,

The second inverse problem of granular flow in HCS is only missing the initial granular temperature. This
problem also can not be solved by the classical method. We have made a try to solve this problem by the developed
PINN, and the related ensemble loss function without L ¢ is as follows and the parameter A is determined by KTGF:

L =LopEg + Lpata

N A Npata
1 1 2 do; 3 1 a (16)
=— - _l — A02 2 01 - 0 tT‘ 5
N 2 i~ A0 O 10—

It’s worth to stressing that: since the initial granular temperature is missing from this inverse problem, it is
impossible to perform dimensionless granular temperature. Therefore, all granular temperatures involved in the
developed PINN of this part have dimensions. The other two techniques-normalized time and dynamic adjustment
of local weights-are also incorporated. Through these techniques in the developed PINN, we hope to learn the
time-dependent relationship of granular temperature and the initial granular temperature in this inverse problem. In
the specific calculation, initial learning rate, iteration number of Adam and number of sampled date hold the same
as the first inverse problem.

The specific learning results are as follows: for this inverse problem, PINN demonstrates its capacity to identify
the temporal decay pattern of granular temperature as shown in Figure 8a. Additionally, it exhibits a substantial
reduction in the relative error associated with predicting the temporal variation of granular temperature in Figure 8b.
This finding suggests that the utilization of dimensioned granular temperature, in conjunction with the dynamic
adjustment of local weights, enhances the accuracy of predictions for smaller granular temperatures. The substantial
initial granular temperature error is attributable to the absence of initial granular temperature constraints. The mean
relative error of granular temperature is 0.1061% for 1001 moments, and predicted initial granular temperature
is 0.009971, the corresponding relative error about it is 0.2865%. A comparison of these error with those of the
forward problem reveals an increase in both, thereby confirming the hypothesis that incomplete constraints indeed
reduce the solution accuracy of developed PINN. Concurrently, it is critical to accurately determine the initial
operation condition of the granular flow system. This is due to the fact that, in industrial granular flow systems, it is

challenging to precisely ascertain the initial operation condition. However, it is critical to the subsequent evolution
of the flow field.

4.2.3. The Third Inverse Problem: Missing Both of A and 6,

For the third inverse problem of missing A and 6, the ensemble loss function is set as the same form as
Equation (17) firstly, where the parameter A of dissipation source term in the governing equation retains to miss. In
this problem, both of the missing initial granular temperature 6, and the parameter of dissipation source term A
are treated as unknown parameters and participate in the iterative optimization of the entire network. Within the
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framework of this specific learning process, the learning rate is maintained at 0.001, while the number of sampling
points remains constant 21. However, the total number of optimizing iterations is increased to 2 x 10°.

Casel: N=5¢04, e=0.95, 00 = 0.01,es=0.1 Temperature Prediction Relative Error
2

N': 10 0.30
~
s 025
=) S
5 =020
— -3 o
210 =
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Q o
=3 >
g £ 0.10
— [
= 10™*{ —— PINN Prediction & 0.05
g «  Analytical Solution
5 0.00
10t 107 10 10! 10” 0 1 2 3 4 5
Time, [s] Time [s]
(a) Casel: 6(t) (b) Casel: R(t;)

Figure 8. In the second inverse problem, the predicted variation of granular temperature and relative error with time
by developed PINNs compared by analytical solution as Equation (4).

As demonstrated by the Figure 9, in the third type of inverse problem, where both A and 6 are missing, if
the global weights of each part of the loss function are maintained as being equal with each other (Weightopr =
1, Weight pata = 1), the granular temperature predicted by PINN during training and generalization exhibits
significant deviation from the analytical solution over time. The mean relative error can reach 149.56% (Figure (10)),
and when the granular temperature decreases its minimum, the maximum relative error can reach approximately
200%. It is hypothesised that this may be attributable to the fact that this inverse problem involves incomplete
governing equation and initial conditions, resulting in overly relaxed constraints on these two components. It is
evident that this hinders the capacity of the overall loss function to accurately constrain parameter optimization,
consequently resulting in erroneous outcomes being obtained from the network. However, it is important to note that
the constraints imposed on the loss function at the data calibration points are both correct and complete. The central
question guiding this study is whether an increase in the global weights of this part of the loss function would result
in more accurate predictions of the overall granular temperature results. Then we rewrite the loss function with
adjusting the global weight of developed PINN in the third inverse problem:

L =Lopg + Lic + Weightpata * LData

Nt A NData
1 1 2 do; .3 1 A A 17
SN Y 432 4 Weightpar * —— S 116, — ()11
Nt ; GL tmaz - tmin dtz ¢ e NData ; ' ’

_ Casel: N=5e04, e=0.95, 07 =0.01,e,=0.1 Casel: N=5e04, e=0.95, 07 =0.01, e, =0.1
o~ Wi T, ———e o e, )
= 10 =200

: :

< 150

2 107 £

g E

g & 100

g g

B —— PINN with Weight_data=1 2 50

=] . . . <

=10 1 ===+ PINN with Weight_data=100 ?g —— PINN with Weight_data=1
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(a) Casel: 6(t) (b) Casel: R(t;)

Figure 9. In the third inverse problem, the predicted variation of granular temperature and relative error with time
by developed PINNs compared by analytical solution as Equation (4), where Weightopr = 1, Weightic = 1,
Weight pata = 1 0r100.
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Subsequently, the above loss function with adjusting global weight Weight patq of Lpata, is integrated into
the developed PINN framework. This investigation continues to explore the relationship between the average relative
error of granular temperature R(t;) and Weight p,ts. It has been demonstrated in Figure 10 that, upon increasing
the weight from 1 to 50, the average relative error can be reduced from approximately 150% to approximately
1.7%. Tt is evident that increasing Weight pai, to 100 can effectively regulate the average relative error to 0.187%,
thereby ensuring its maintenance below 1%. Thus in the following, the global weights for the third inverse problem
are set to Weightopg = 1, and Weightpata = 100.
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X
=
] 1
10
D
4
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=
Y
& 10
g
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]0—1 9.93e-02
-2
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Figure 10. In the third inverse problem, the effect of Wetght pqto on the mean relative error of granular temperature.

When Weightpata = 100, the developed PINN successfully predicts the missing parameter A and the initial
granular temperature 6y, with mean relative error 0.134% and 0.0719% by compared with analytical results from
KTGF. The above results indicate that for granular flow systems with incomplete governing equations and initial
conditions, the developed PINN has the potential to accurately determine hydrodynamics of the entire flow field
based on a small number of the observed experimental sample points as shown in Figure 9, furthermore, at all times,
the global overall error predicted by the developed PINN is controlled below 0.2%. However, in this process, it is
necessary to strengthen the global weight Weight p,¢, of the loss function L p,, related to data sample points.
It also indicates that different global weight proportions of each part of the PINN loss function (Weightopg,
Weightro, Weight paie) Will have a significant impact on the predicted results.

4.2.4. The Effect of the Number of Sample Data Np,;, on the Predicted Results by the Developed PINN

As shown in Figure 11, the qualitative effect of the sample size on the predicted results of the mean relative
error of granular temperature is consistent for the three different inverse problems. As the sample size increases,
the mean relative error of granular temperature first decreases and then increases. Specifically, when the sample
size is only 2% (Npate = 11, 11/501 ~ 2%), the mean relative error of granular temperature is largest. When the
sample size increases t0 4% (Npato = 21, 21/501 ~ 4%), the mean relative error decreases. Further increasing
the sample size to 10% (Npata = 51, 51/501 = 10%) results in a slight decrease in the relative error. Finally,
when the sample size increases to 20% (Npate = 101, 101/500 = 20%), the relative error begins to increase
slightly compared to that at 10%. As the sample size increases, the optimized loss function becomes more complex.
Therefore, when selecting a sample size for an inverse problem of granular flow, a balance must be struck between
computational accuracy and learning efficiency.

In above three inverse problems, it is important to make predictions not only for the temporal variation of
granular temperature but also for the missing constitutive relationships and initial conditions. In order to select the
number of calibrated sample points, it is also necessary to take the accurate prediction for these parameters into
consideration. Some relevant results are presented as in Figure 12: In the first inverse problem, it is evident that as the
quantity of sampled data points is increasing, the complexity of the loss function is increased, consequently resulting
in a gradual diminution of the predictive capability of parameter A in the dissipation source term of the governing
equation. This observation indicates that an excessive number of sample points may induce overfitting during
parameter prediction optimization within the developed PINN. In the second and third inverse problems, the error in
parameter prediction initially diminishes before increasing as the number of sampling calibration points increases.
For second inverse problem, this change is not very noticeable, with the relative error in initial granular temperature
remaining between 0.287% and 0.659%. The overall error is minimal for varying numbers of sampling points. The
minimum parameter prediction error is achieved with 21 sampling points, accounting for 4% of the total training
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data samples. This finding suggests that, in second inverse problem, where only the initial granular temperature
is absent, the number of sampling calibration points has minimal influence on the parameter prediction results.
However, for the third inverse problem, which is the inverse problem with the most missing information, when the
total number of calibration sampling points is only 2% of the total data, the error in two-parameter prediction can
reach the order of magnitude of 1%. It is evident that the increase of the number of sampling points results in a
reduction of the overall parameter prediction error by one to two orders of magnitude. Concurrently, the minimal
relative parameter error is observed at a data scale of approximately 4%. Further comparison of the prediction
results for parameter A in the first/third inverse problems reveals that, under the same calibration data sample size,
the first problem is simpler and therefore achieves higher accuracy in predicting parameter A. When we continue to
comparing the prediction results for the initial granular temperature between the second/third inverse problems,
we found that, although the second problem is simpler, the third problem achieves higher prediction accuracy for
the initial granular temperature when the data volume increases within the range of 4% to 20%. However, when
the data volume is small (2%), the developed PINN provides more accurate predictions of second inverse problem.
This analysis shows that the number of sample calibration points should be selected based on the complexity of the
problem and the underlying physical laws.

10
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Missing A and 6 2.45¢+00
< 10°
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5 3.28¢-01 313601
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% - 1.87¢-01 Lesed]
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Figure 11. The effect of the number of sample data Np+, on the predicted granular temperature during the time
period of interest by developed PINN in three different inverse problems.
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Figure 12. The effect of the number of sample data Np,t, on the parameter A/ the initial granular temperature
0o by developed PINN in different inverse problem of granular flow in the HCS. (a) The parameter A of the first
inverse problem; (b) The initial granular temperature 6 of the second inverse problem; (c) Both A and 6y of the
third inverse problem.

5. Conclusions

This work has used the classical physics-informed neural network (PINN) for solving the governing equation
with the initial condition as forward problem for the granular flow with smooth particles in the homogeneous
cooling state. In order to enhance the precision of the specific solution, the developed PINN with dynamic local
weight incorporates both of the normalized time as the input layer and the dimensionless granular temperature as
the output layer. The developed PINN demonstrates the capacity to predict the change in the granular temperature
over an extended time period with greater accuracy in comparison to the classical PINN. In addition, we employed
a combination of developed PINN and a limited number of analytically calibrated sample points to address three
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distinct types of inverse problems for granular flow: the absence of parameter A in the dissipation source term,
the absence of initial granular temperature 6, and both the absent parameters A and 6. The findings demonstrate
the application of PINN in accurately resolving these three types of inverse problems. The method not only can
predict the change in granular temperature over time but also can predict the missing parameters. Further analysis
indicates that, for the most complex inverse problem as the third one, it is necessary to increase the weight of the
loss function for the observed sample points for increasing the accuracy of prediction. Meanwhile, the number of
observed sample points has been demonstrated to exert a certain degree of influence on the final solution results,
with the solution accuracy initially decreasing and subsequently increasing as the number of sample points increases.
This work demonstrates the potential capabilities of PINNs in solving forward and inverse problems in granular flow
systems. Concurrently, the aforementioned optimization techniques for PINN, in conjunction with the number of the
sampling points and adjusted global weights that necessitate particular consideration, are of paramount importance
for the future study of industrial complex granular flow systems.
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