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1. Introduction

There are many problems in the control theory of systems, among which the research on tracking problems is
of great significance in both control theory and practical application [1-3]. In numerous engineering applications,
the system is often required to achive small overshoot or even non-overshooting tracking of the reference signal. The
term ‘non-overshooting’ means that the sign of the tracking error remains unchanged [4]. For many control systems,
it is actually required to achieve non-overshooting, such as missile launch , attitude control of aircraft [5], current
control during welding, etc. Therefore, the research of non-overshooting control is highly valuable for industry,
national defense and science and technology. This significance further underscores the fundamental importance of
studying non-overshooting tracking control.

The results on non-overshooting tracking control for nonlinear systems are very scarce. At present, the main
contributions can be found in references [4—9]. These works achieve a simple closed-loop system by designing a
controller for strict-feedback nonlinear systems with all-knowing signal information, and then analyze the closed-
loop system to obtain the tracking conditions with non-overshooting. However, if the closed-loop system is too
complex, it is difficult to analyze the conditions of non-overshooting. Moreover, the conditions obtained in these
existing results are often very conservative. The conditions of non-overshooting obtained in reference [4] were to
ensure that the initial values of all closed-loop system states are negative by selecting design parameters, thereby
ensuring that all states remain negative during the convergence process. This approach, which ensures the first state
remains negative by maintaining all states in negativity, is quite conservative. For example, at present, due to the
inherent nature of positive systems, the initial values of the system states need to be greater than or equal to zero, so
the non-overshooting control algorithm in [4] is difficult to apply. Another example is temperature control of the
sintering furnace requires a constant temperature of 1000 °C for sintering [10]. In this case, it is necessary to design
a system that raises the temperature without exceeding 1000 °C. To achieve non-overshooting control, the tracking
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error must satisfy e(t) = y(t) — r(t) < 0, where y(¢) is the actual temperature and r(¢) = 1000 °C. Therefore, it is
essential to study this kind of problem with the goal of deriving less conservative and more general non-overshooting.
Only in this way can the controller be designed according to the practical requirements.

Nonlinear pure-feedback systems are more general than strict-feedback systems [11-20]. However, little
research on the non-overshooting tracking control of these systems. Therefore, studying the non-overshooting
control of nonlinear pure-feedback systems is of great significance for broadening their applicability.

Because the control variables and virtual control variables in nonlinear pure-feedback systems are often implied
in non-affine functions [1 1-20], most control methods suitable for strict-feedback systems cannot be directly used in
pure-feedback nonlinear systems. At present, the common strategy for controlling pure-feedback nonlinear systems
is to transform pure-feedback systems into affine nonlinear systems by using approximate linearization, Taylor
series, mean value theorem and inverse systems, and then design the controller according to the control method
for affine nonlinear system. However, these methods can only ensure the local stability of the control system, and
cannot achive the large-scale control of the system. Furthermore, the closed-loop system obtained by these methods
is often very complex. As mentioned above, if the closed-loop system is too complex, an analytical expression for
the tracking error, and it is difficult to analyze a wide range of conditions with non-overshooting.

This paper addresses the problem of non-overshooting tracking control for pure-feedback nonlinear systems.
By integrating prescribed finite-time control techniques, we derive a relatively simple closed-loop system. This
approach allows us to establish less conservative sufficient conditions for achieving non-overshooting tracking
performance. In this paper, there are the following innovations:

(1) In recent years, the prescribed finite-time control has attracted significant attention [21-27]. The concept
was put forward in 2016 [22]. The core idea is to construct a time-varying function that tends to infinity as time
approaches a preset finite time and to use this function to transform the original system into a new one. If it is
proved that the new system is input-state-stable, then the states of the original system are guaranteed to converge
within the prescribed time. The general real variable function is (T'/(T — t))™*", where T represents the expected
convergence time, and n and m are the system dimension and a constant, respectively. This method has been applied
to a variety of nonlinear systems, demonstrating its effectiveness and practicality.

However, it is difficult to obtain a simple closed-loop system by the existing prescribed finite-time criterion
lemma [26]. Therefore, this paper proposes a new criterion lemma of prescribed finite-time control. This contribution
enriches the toolbox of prescribed finite-time control algorithms. As a result, the obtained closed-loop system is
relatively simple, which facilitates the analysis of less conservative non-overshooting tracking conditions.

(2) As mentioned in 1), this paper also addresses the prescribed finite-time control problem of nonlinear pure-
feedback systems. At present, this issue has been reported less. The corresponding conditions of non-overshooting
can be selected according to the requirements of initial states and control gain parameters in engineering practice.

(3) Compared with the existing results [4—9], the non-overshooting conditions proposed in this paper are less
conservative. Compared with the algorithm in [4—0], the algorithm in this paper can make the choice of control gain
c; 1 =1,---,n+ 1) wider because it does not need to consider the control term z;.This reduction in conservatism
offers greater flexibility.

The remaining parts of this paper are organized as follows. Section 2 focuses on non-overshooting control for
nonlinear strict-feedback systems. Section 3 extends the proposed method to non-overshooting control for nonlinear
pure-feedback systems. Three examples are given in Section 4, and the conclusions are obtained in Section 5.

2. Problem Formulation

Consider the nonlinear strict-feedback system as

jji:fi(xlv"'a‘ri+1)7 7;:17"'771_]-7

jjn_: fn(uaxla"' axn)a (1)

Yy =2,

e=y—r,
where u € R denotes the control input; z = [z, -+ ,x,]T € R™ represents the system states; The function f;(Z;)
(i =1,--- ,n) represents a nonlinear non-affine smooth known function with f;(0,--- ,0) = 0; y € R represents
the output of the system; r represents a tracking signal; e is the tracking error.

We deal with the non-affine function f,, (u, Z,,) by introducing the following first-order system
u(t) = w(t), 2)
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where w(t) is the auxiliary control input.
Assumption 1. The tracking signal r is assumed to be a smooth and bounded signal.

Assumption 2. [/6] The non-affine functions f;(Z;41) (i =1,--- ,n— 1) and f,,(x,u) in (1) satisfy the following
inequality

ofi(z;
0 <@y < |78( +1)| < Ner1)2 < 00, 3)
Ti41
Ofn(z,u
0 <Nyt < \%\ < Niny1)2 < 00. “
U
where n;1 (¢ = 1,--- ,n + 1) and 7, are positive constants.

According to reference [1], the non-overshooting control means that the sign of the tracking error e(t) in
t € [0, +o0c] remains unchanged, that is
e(t) <0 (5)

This paper aims to complete the control goal as follows: For the nonlinear pure-feedback system (1), we want
to solve the prescribed finite-time control problem of the controlled system by designing the prescribed finite-time
controller, so that all signals of the closed-loop system are stable at the finite-time 7" and the tracking error satisfies
lim;_,7 e(t) = 0. At the same time, it is necessary to get a relatively simple closed-loop system to facilitate further
analysis and obtain the tracking control conditions with non-overshooting.

Similar to the approach in [12], in order to solve the problem of tracking control with non-overshooting, we
need to get a relatively simple closed-loop system. The closed-loop systems obtained by the existing prescribed
finite-time control criterion lemma are very complicated [1]. This complexity makes it difficult to derive an
analytical expression of tracking error, which in turn hinders the establishment of less conservative non-overshooting
conditions. Therefore, we propose a new prescribed finite-time criterion lemma as shown below.

Lemma 1. Consider the monotonically increasing function

plt) =y 1€0.T) ©

where T > 0, t € Ry. If a continuously differentiable function V (t) : [0,T] — [0, +-00) satisfies

V(t) < =2Mp)V(t) + AV (1) (7
where A1 and )5 are positive constants.
Then, lim;_,7 V(t) = 0.
Proof. From (6), we have
V(t) < (=2A1(t) + A2)V(?) ®)

The above differential equation is solved to obtain
V(t) < V(0)elo (-2 re(m)+A2)dr )

From (4), we get

V(t) gv(o)efé(—leTLHQ)dT

=V (0)e@MT I(T—)=201 T In(T)+ ot (10)

According to the properties of the function In(7" — ¢), we have
liny V(6) =0 o
O

Remark 1. This lemma is different from existing lemmas of prescribed finite-time control criterion [5]. The primary
aim of this paper mainly proposed to obtain a relatively simple closed-loop system (23) in the following.
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3. Control Design and Stability Analysis

Next, the controller will be designed using the backstepping method. The following coordinate transformation
is introduced as

21 =21 —T,

Zi = fi_1(ii) -1, 1=2,---,n,

_ (12)
Zn+1 = fn(uvxn) — Qp,
oi(t) =)z, i=1,---,n+1,
where o, - - - , o, are the virtual controllers. And it is designed as
= —c1g1+7 — To(t)z1
—62¢2—6f§£m2)f1(f2)+d1—*ip(t)z2
Qg = 3f1(12)
—cidi—2 5= iw&(fﬁlﬁrdi—lf%w(ﬂzi (13)
o = F;— 1<T Y
—Cnt1Pnt1—2 0 ij(%+1)+dn—%v(t)zn+1
w = afn(u Tn)
where i = 3,--- ,n; ¢; > 01is a designable parameter, and
L da o L Aoy
i—1 1—1 i—1 1
Qi1 = (x + t J+
1 =2 T i) e+ 55
Jj=1 Jj=1 (14)
1

According to the controller (13) designed above, the following theorem can be obtained.

Theorem 1. The controller and the virtual controllers (13) are designed for the system (1). Then, the following
conclusions can be obtained int € [0,T).

(1) The state z;(t) of the closed-loop system satisfies the prescribed finite-time lim;_,7 z;(t) = 0;

(2) The tracking error e(t) satisfies lim;_,r e(t) = 0;

(3) All states of the system are bounded.

Proof. Next, define the total Lyapunov function V() as

n+1

V() = 580+ + 5Bt Z o7 (t) (15)

The derivative of V (¢) over time ¢ is
V(1) = $1()d1() + -+ + dnsa () (1)- (16)
According to (12), we have
b1 = pOea + o1~ + o(0)2]
bi= wn; U)oy P )t R0, =2
b = so(t)[il ) fy @) + AT 1t 2p(t)20)
=

Substituting (13) and (17) into (16), the following equation can be obtained

n+1 )

0
ZCJSO ¢ +¢1¢2+Z fj 1 GiPjy1. (18)
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According to Assumption 2, we can get

¢1¢2+Z fj 1 )¢j¢j+1

j=1
1 1.0f1.9 2, 1.0f1.9 1 5 1 0fn-1.9,9
2¢+ ¢2+ ¢2 ( )¢3 ¢ 2(8 )?¢1 + +§ n+§( 8xn> n+1
2, L o 9 1 2 2 1 (19)
<V+ §¢’2 + 5”22@53 + 57732‘254 +oe §Un2¢n+1
1 1 1 1
SV + SROS + SReS + SROT+ -+ Shdn
— 1+ R,
where & > max {1,735, 732, - , 3o }-
According to the above formula, Formula (18) can be rewritten as
n+1
Z cip(t (bz 1+ r)V
(20)
<- 2c<p( W+ (14 k),
where ¢ < min{cy, -+, ¢pt1}-
From Lemma 1, we can get lim; ,7 V(¢t) = 0. From this result, the following deduction process can
be obtained
lim V(t) = 0= lim¢;(t) =0
fimg V($) = 0= limg(t)
= lim gp(t)zi(t) =0
21)
" (
= hmT %i(t) =0
t—T T —1¢

= thﬂnjlﬂzi(t) =0,

where ¢ =1,--- ,n+ 1.

Therefore, we can get that z;(t) is stable in 7. If 21 () = x1(t) — r(t), then x1(¢) is bounded. If 25(t) =
fi(z1(t), z2(t))—an, then fi(x1(t), 22(t)) is bounded. There is at least one point i (u € (min(0, z2), max(0, x2)))
to satisfy

Ofi(x1,x
fulerwa) - filen,0) = PELE o), @)
81'2
According to Assumption 2, we know that z2(t) is bounded. Similarly, the system states x4 (¢), z2(¢), - - - , @, (t)
are bounded. O

4. Non-Overshooting Control

The section focuses on the non-overshooting control design of the system. According to Equation (17), the
control condition with non-overshooting can be designed through the closed-loop system (12). In this regard, by
substituting Equation (13) into Equation (17), we can obtain

slih = —c19(t)¢1 + @2,
bi= —eiplt)+ L @lg =2, @)
Gnt1 = —Cn+190( )¢n+1-

In the following, the tracking conditions without overshoot will be discussed in turn according to the system
ordern =1,n=2,and n > 3.

(1) The situation when n = 1.

In this situation, the system (1) is a first-order system, so the closed-loop system can be obtained as qﬁl =
—c10(t)é1 + @2 and q%z = —cop(t) . We discuss the tracking control with non-overshooting in the following
two cases.

Case 1: ¢; # % + s

In this case, the system (1) is a first-order system, so the closed-loop system can be obtained as ¢; =
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—c10(t)p1 + ¢ and ¢y = —co(t)ho. We integrate this subsystem along [0, 7). Then, ¢ (t) is obtained

9a(t) = o 0)e =TI =T = gy (0)p 7T,

where ¢2(0) is the initial value of ¢o(t).
Substituting (24) into ¢1 = —c1¢(t)d1 + ¢d2. We have

b1 = —c10(t) 1 + h2(0)p 7.

We integrate this subsystem along [0, T'). Then, ¢; () is obtained as

t
¢1 (t) _ ¢1 (0)6_ Jo crp(r)dr +e Jo cup(‘r)d‘r/ efoT c1¢(a)do¢)2(0)gp—02T(T)dT
0

610007 (1) + $2(0)0~ 27 (1) / ST (1) dr
T

(Cl — CQ)T —1

T

(o =) T —1 1(<P(’b‘))_czT_1-

= [61(0) — 62(0) Je()7" + ¢2(0)

Case2: c; = # + 3
Substituting (24) into ¢; = —(% + c2)(t)P1 + p2. We have

L )et)6r + da(0)e—T.

b1 =~(7

We integrate this subsystem along [0, T). Then, ¢;(¢) is obtained as
t
#1(t) = ¢1(0)e” Jo(rte)e(n)dr o o= 5 (z+e)e(n)dr o / ¢2(0)9070271(T)GIUT(%+62)¢(U)dUdT
0

dr

t
= ¢1(0)(p—(1+c2T) (t) + ¢2(0)¢‘(1+C2T)(t)T/
0

= [¢1(0) + ¢2(0) T In ] (p(t)) =2,

-7

Combining Equations (12), (26) and (28), the expression of tracking error is

_r
(Cl — Cz)T -1

[21(0) + 20T In (o), er = L 4 e

T

21() = [21(0) — 22(0) o)™ 4 2200y ()T e # e

zZ1 (t)

where ¢(0) = 1.

Complex Syst. Stab. Control 2025, 1(1), 4

as

(24)

(25)

(26)

27)

(28)

(29)

Noting that ¢ € [1,+00), s0 0 < In¢ < +00. Therefore, by analyzing the above expression, the conditions

of non-overshooting tracking are obtained as follows

— t) >
{ 22(0)20 :>21()70,
T
Z1(0> 2 zZ(O) (Cl — CQ)T -1
2(0) >0 = z1(t) 20
1
c1 > T+CQ
T
Zl(O) Z 22(0) (Cl — CQ)T -1
2(0) <0 = z1(t) 20
1
c1 < T+CQ

(30)

€1y

(32)
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{ 228? i 8 = a(t) <0, (33)
T
21(0) < 22(0 G )T =1
22(0) <0 = 21 (t) <0, (34)
c1 > % + co
T
21(0) < 22(0 G )T =1
2(0) >0 = z2(t) <0 (35)
1
c1 < T + co

(2) The situation when n = 2.
The system (1) is a 2-order system. According to (23), ¢1 = —c1¢(t)d1 + P2, P2 = —cap(t)da + %gﬁg,
and ¢ = —c3p(t)¢s3. From (24), we obtain

P3(t) = ¢3(0)p~ " (36)

The following content examines the non-overshooting control design under various control gain conditions.
Casel: ¢ # & + co # 2 + c3, and 23(0) < 0.

Then, ¢ (t) < 0. Substituting (36) into ¢y = —cap(t)da + 2 ¢3, we have

: 7]
b2 < —eap( + 152 1), a7

The discussion starts with the situation of ¢o(¢). The case of ¢3(t) can be divided into ¢o(¢) < 0 and
@2(t) > 0. Let’s discuss ¢o(t) < 0 first. According to Assumption 1, the following formula can be obtained

ba < —cop(t) 2 — Ma103(0)p~ T (38)

Integrating this subsystem over the interval [0, T']. We arrive at the expression for ¢a(t):

t
¢2(t> < (bg(O)e_ Jo c2p(m)dr _ e Jo c2p(T)dr « / efoT cw(a)do—ngl¢3(O)W—C3T(7_)d7_
0

= 2(0)p~ =" (t) — 2163 (0)p =" (t) /0 ple=es)T () dr (39)
- 21T e 21T s T—
= [¢2(0) + ¢3(0)m](¢(ﬂ) T ¢3(0)m(@@)) =

Based on the above discussion, the condition for ¢4 (t) < 0 are as follows

N1 T

$2(0) < ﬂ?za@)m

) (40)
$3(0) <0,¢2 < T +c3
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Substituting (39) into él = —c10(t)$1 + ¢P2. This differential equation can be solved as follows
d1(t) < ¢1(0)e™ Jo cae(MdrT _ o= Jg erep(r)dr

t
[T crp(0)do 30T
></O el PO {[93(0) + (AR

—eoT _ M@(T)—%T—l}m

x () (c2 — )T — 1
= [91(0) = 20—y
~ SO T —nﬁ; “ T 1]
Fon(0) ()
020 o
b on(0) ()
— 6300) L (1) T2

[(c1 —e3)T = 2][(c2 — e3)T — 1]

Then, According to the above formula and ¢(0) = 1, the inequality expression of z; (t) is

T
al) < [10) = 20—y
. N1 T2
Ol =T 1 — e -1

No1 T2 —e1T—1

+2(0) [(c1 —e3)T = 2][(c2 — ¢3)T — 1] et
T

+ [zz(o)m

N1 T2 —caT—2
T o e e -1 ¢
— 24(0) o (p(1)) 7.

[(Cl — C3)T — 2][(02 — Cg)T — 1]

Therefore, the following non-overshooting control condition of z;(¢) < 0 can be obtained

T25(0) 1 T°2(0)
A0S G 1 T @ =T - 2l )T -1
n2171'23(0)
2(0) < - B
23(0) S 0
1 1
62<T+03<01_T

Similarly, if ¢2(0) > 0, then we can get the following condition

T2(0) n217723(0)
A0S ) T )T - 2o - )T — 1
1217'23(0)
2O g T
2’3(0) Z 0
1 1
cQ<T+C3<Cl—T

(41)

(42)

(43)

(44)
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Thus, when ¢3(0) < 0, we can get the following conditions

T22 (0)

Al (0)

Y

1n21T23(0)
(02 - Cg)T -1
0

zZ9 (0)
z3(0)

1
C2<T+63<01_T

v

=N

v

(1 —ca) =1 [(e1 — e3)T — 2][(¢y — )T — 1]

121 7'23(0)
%(0) 2~ 2 CB;T_ -

23(0) >0

< <
C +C C
2 T 3 1 T

Case2: c; = # + c2 # 2 + c3, and 23(0) < 0.

(Cl — 02) -1 [(Cl — Cg)T — 2][(61 — C2)T — 1]

Complex Syst. Stab. Control 2025, 1(1), 4

(45)

(40)

Since co # % -+ c3, the algorithm of ¢ (¢) remains the same as (37)—(40) in Case 1. Therefore, substituting

(39) into gz'Sl = —c1¢(t)$1 + ¢2. This differential equation can be solved as follows

d1(t) < ¢r(0)e™ Joleatp)e(n)dr _ o= [§(eat1)e(r)dr

t
x / efJ(chr%)go(o)do{[@(o) +
0
$3(0)n21T
(C2 — Cg)T -1
$3(0)n21 T
(c2 —

+ ale() !

x p(r)7eT —

= [#1(0) + T'(¢2(0) +

¢3(O)7721T2

((C2 — Cg)T -1

_ 93(0)nn 17
((c2 —c3)T —1)?

According to (47), we have

21(t) < [21(0) + T'(22(0) +

23(0)nn T?
((ca —e3)T —1)2
23(0)nn T?
((cg —e3)T — 1)

Therefore, we can obtain the following condition

7]21T2

o) T Y

p(t)~ Tt

(CQ — Cg)T -1

Jo(t) T2

21(0) < —23(0)

2(0) < —25(0)— 121

- (CQ — Cg)T —1

23(0) < 0,¢2 < 3

The cases of ¢2(t) > 0 and z3(¢) > 0 are similar to Case 1, so this article will not discuss them again.

[(c1 —e3)T —1]2
= Zl(t) < 0

(47)

(48)

(49)

Next, we discuss the case where ¢; = % +co = % + c3. In this case, if we discuss the non-overshooting
condition of ¢; = % 4+ co = % + c3 according to the algorithm of Case 1, it is difficult to obtain the non-

overshooting condition. However, according to Assumption 1, we can consider two subcases for

)

into two

cases: 8%7(?) > (0 and % < 0. Then, we discuss the conditions of non-overshooting in the following cases.
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Case3: c; = %4—62 = %—i—c;;, % > 0 and z3(0) < 0.
Then, ¢ (t) < 0. Substituting (36) into ¢ = —(c1 — 3)¢(t)d + F2 ¢3, we have

2 < — (1 — %)80(75)@ + 113 (0)p~ T (50)

We integrate this subsystem along [0, T']. Then, ¢2(t) is obtained as
ba(t) < po(0)e™ Jolr=m)e(ndr o= [5(er—1)e(r)dr
t
X / 6f0T(01_%)”(")d"mlqbg(o)w_"ﬁ”(T)dr (51)

0
= [¢2(0) + T1163(0) In ] (p(t))~T+1

Based on the above discussion, the condition for ¢2(t) < 0 are as follows
$2(0) <0,9¢3(0) <0 (52)

Substituting (51) into él = —c1¢(t)¢1 + ¢2. This differential equation can be solved as follows

t t t T
610 S G1(0)e 1PN T ere (047 [1lF AN 30) 1+ T 0) (o))
0 (53)
1 —c
= [¢1(0) + T¢2(0) Inp + §T2nu¢3 (0)(In () ( (1))~
Combining the above formula with the initial condition ¢ (0) = 1, we obtain the following inequality for 21 (¢):

2(8) < [21(0) + T2a(0) g+ 5T (0) (o) P (0) 7 (54

Therefore, the following non-overshooting control conditions of z1 (¢) < 0 can be obtained

21(0) €0, 22(0) <0,23(0) <0
1 2 = z1(t) <0. (55)
Cl—T—FCQ:T—f—Cg

27’]112’1(0)2’3(0) - Z%(O) < 0 =2 (t) < 0. (56)
1 2
C1—T+C2—T+C3

Cased: c; = %4—62 = %4—03, g—g > 0 and z3(0) > 0.
Then, ¢5(t) > 0. According to ¢y = —(c1 — F)p(t)d2 + %qbg, we have

2

B2 2~ (e1 — Z)p(thbr + s ()T, 57)
Integrating this subsystem over the interval [0, T']. Then, ¢2(¢) is obtained as

$2(t) > [$2(0) + Tr1¢p3(0) In @] (p(t)) =7 (58)
Based on the above discussion, the condition for ¢2(¢) > 0 is summarized as follows

Substituting (58) into gf)l = —c1¢(t)$1 + ¢=. This differential equation can be solved as follows

91(t) 2 [61(0) + T2(0) lnp + %T%@(O)(ln P ()" (60)
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Then, According to the above formula and ©(0) = 1, the inequality expression of z; (¢) is
1 e T—
21(t) 2 [21(0) + T22(0) Inp + S Tnu 23(0) (Inp(7)*] ((1) =

Therefore, the following non-overshooting control conditions for z; (¢) < 0 can be obtained

{zamzoJxszJAWZO = 2(1) >0

Cc1 =

Sl
+
Q
V]

!

S|
+
(o)

w

CaseS: ¢y =+ + ¢ = 2 +cs, g% < 0and z3(0) < 0.
Then, ¢3(t) < 0. According to by = —(c1 — %)@(t)d)g + %qﬁg, we have

2

- )o(t)p2 — mi2gs(0)~ T H2,

ézZ—(Cl—T

We integrate this subsystem along [0, T']. Then, ¢2(t) is obtained as

t
ba(t) > ¢2(0)e*.fot(61*%)¢(‘r)d7' _ e*fot(Cl*%)w(T)dT ></ efo (61*%)¢(0)d0n12¢3(0)¢*61T+2(T)dT
0

= [¢2(0) — Ti2¢3(0) In <,0}(<p(t))_clT+1.

Based on the above discussion, the condition for ¢o(¢) > 0 are as follows
¢2(0) Z 07 ¢3(0) S 07

Substituting (65) into (/31 = —c10(t)d1 + ¢2. This differential equation can be solved as follows

t t t T
010) 2 01 (0)e™ T 7 a2l 1l 2O s [43(0) ~ Topagn(O) () T
0
1 —c
= [61(0) + T2(0) In — S T*m2gs(0) (In (7)) (1)~
Then, According to the above formula and ©(0) = 1, the inequality expression of z; (¢) is

z1(t) > [21(0) + T22(0) Inp — %T2771223(0)(1n o(1))*)((t))~ "

Therefore, the following non-overshooting control conditions of z1 (¢) < 0 can be obtained

22(0) > 0,23(0) <0

2m221(0)23(0) +23(0) <0 = z1(t) > 0.
1 2
61:T+02:T+c3

Case6: ¢, = + + c2 = 2 +cs, g—g < 0and z3(0) > 0.
Then, ¢3(t) > 0. According to ¢ = —(c; — )p(t)do + 911 s we have

Bxg

B2 < ~(er = 1)e(t)62 — mads(0)p T

(61)

(62)

(63)

(64)

(65)

(60)

(67)

(68)

(69)

(70)

(71

11 of 19



Zhu et al. Complex Syst. Stab. Control 2025, 1(1), 4
We integrate this subsystem along [0, T']. Then, ¢2(t) is obtained as

Pa(t) < [$2(0) — Tas(0) In](p(t)) ~ T+ (72)

Based on the above discussion, the condition for ¢o(t) > 0 are as follows
$2(0) < 0,¢3(0) >0 (73)

Substituting (65) into qﬁl = —c1¢(t)d1 + ¢2. This differential equation can be solved as follows

$1(t) < [¢1(0) + Th2(0) Inp — %T27712¢3(0)(1n p(m)?(e (1)~ T (74)

Then, According to the above formula and ¢(0) = 1, the inequality expression of 21 (t) is

z1(t) < [21(0) + T2(0) Inp — %T2771223(0)(1n o(1)?](p())~ T (75)

Therefore, the following non-overshooting control conditions of z1 (¢) < 0 can be obtained

< < - >
{ 21(0)170,22(0)70723(0)70 — () <0 (76)
Cl_T—FCg:T—f—Cg,
22(0) < 0,23(0) > 0
2m1221 (0)23(0) + Z% 0) <0 == (t) <0 77
61:%4-62:%4—63

Then, we can get the following theorem

Theorem 2. For the nonlinear system (1) with n = 2, the virtual controllers oy, o and auxiliary controller w are
designed to make the closed-loop system stable for a prescribed finite-time. Then, the condition of non-overshooting
tracking control needs to satisfy one of (43)—(46), (49), (55), (56), (62), (63), (69), (70), (76) and (77).

(3) The situation when n > 3.

In order to obtain more extensive tracking conditions with non-overshooting, we need to get the expression
of tracking error e(t). However, with the increase of system order n, the expression of tracking error is very
complicated. In addition, some conditions with non-overshooting also need to rely on parameters 7;; and 7);2,
which also increases the computational burden. Therefore, next, we introduce the following methods to solve
these problems.

According to Assumption 1, the following inequality is obtained

ofi(%;) O fi(z4)

<Mz or —nig<

M1 < < =M1 (78)

where ¢ =1,--- ,n+ 1.
Therefore, the function 6‘%73(;’1-) can be divided into two cases: afdiiz) > (0 and afé'izfi) < 0. As follows:
Case 1: 6%’7@ > 0.

From (23), we obtain ¢, 11 = —cyn410(t)$n1. Integrating this subsystem along [0, ¢]. Then,

Gt (t) = Gny1 (0)e Jo cntre(r)dr

(79)
= pnp1(0)p o1t
The conditions that satisfy ¢,,11(¢t) < 0 are as follows
Pn+1(0) 0= ¢ppa(t) <0 (80)
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Since af’gflf“)d)nﬂ(t) < 0, we can get

i a n— 7n
(bn = - Cn‘p(t)¢n + faflix)(brwrl

S - Cn(p(t)¢n

We integrate (81) along [0, ¢]. Then,

¢"(t) S an(o)ei [0‘ cno(T)dT
= ¢n(0)(p70nt

The conditions for ¢,,(t) < 0 are as follows.
$n(0) <0 = ¢n(t) <0
Since %@’l)qﬁn(t) < 0, we can get

afn—2(jn—1)

.n— = — Cp— t)n—
Gn—1 Cn-19()Pn—1 + D1

én
< - Cn—l@(t)qsn—l
We integrate (84) along [0, ¢]. Then,

bn_1(t) < bp_1(0)e Jo enmre(rdr
= 1 (0)p 1t

The conditions for ¢,,_1(t) < 0 are as follows

(bnfl(o) <0= ¢n71(t) <0.

In this way, we can obtain

¢1(t) < ¢1(0)p~

To sum up, the tracking control with non-overshooting satisfies the following condition

{ %O:Q;; .1., ’nTnl—F 1, = a0
According to (12), We deduced that
2(0) < 0= ¢:(0) <0
$1(t) 0= z(t) <0
Therefore, we have
G0N »am s

Similarly, another tracking condition with non-overshooting can be obtained as follows

22(0) ZO,Z: ]_,... ’n+1
S = 21(t) > 0
{W>Ovi:1w“,n+1 z1(t) =
i(
ox
From (79), the conditionss for ¢,,11(t) > 0 are as follows

Case 2: M < 0, and n is an odd number.

On+1(0) 0= ¢py1(t) <0

81

(82)

(83)

(84)

(85)

(86)

87)

(88)

(89)

(90)

oD

92)
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Since af’gfl:’i")gbnﬂ(t) > 0, we can obtain

i a n— 7n
(bn = - Cn‘p(t>¢n + %¢n+l

Z - Cn(p(t)¢n

We integrate (81) along [0, ¢]. Then,

D (t) > (0)e Jo cne()dr

_¢"L(O) ot
The conditions for ¢,,(t) > 0 are as follows
bn+1(0) <0
= ¢p(t) >0
SATEERETD
Since af"zi(x"l)qbn( t) <0, we can get
afn—Q('fn—l)

én—l = - cn—l@(t)¢n—1 + axn71

< - cnflﬂo(t)¢nfl-
We integrate (84) along [0, ¢]. Then,
b1 (t) <¢n_1(0)e™ Jo cn-re(mdr
=¢n-1(0)p~ 1"

The condition that satisfy ¢,,_1(¢) < 0 are as follows

¢n+1( )S
n(0) =0 = ¢p1(t) <0
¢n-1(0) <0

In this way, we can obtain

¢1(t) < ¢1(0)p~

Complex Syst. Stab.

To sum up, the tracking control with non-overshooting satisfies the following condition

¢1(0)20722375777 ,
$:(0) < 0,i=2,4,6,--- ,n+1

O “”<0@_Lz3 nt1 - HH=0
¢(®§0
Therefore, we have
2;(0)>0,i=3,5,7,---,n
2%(0) < 0,i=2,4,6,--- ,n+1 o () <0

WE@”<Ozf123 1
21(0) <0

Similarly, another tracking condition with non-overshooting can be obtained as follows

ZZ<O) §07i:3a5;77"' )T

Zz(o) Zoai:2a4a67"' an+1

Uia@) gy =1,2,3,-- ,n+1
8%'1', 9 - 7 3 ) Y

= Zl(t) >0

Control 2025, 1(1), 4

(93)

(94)

95)

(96)

o7)

(98)

99)

(100)

(101)

(102)

In the same way, if n is an even number, then we can get the following tracking control conditions with
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non-overshooting

2;(0)<0,i=3,5,7,---,n+1
Ucrl®) c0j=1,23, n+1 7
2;(0) >0,i=3,5,7,--- ,n+1
Zl(o) Soai:274367"' y T
- (z =2(t) <0 104
afi(';;’i(xl)<07i:1ﬂ273>"';n+1 Zl()i ( )
21(0) SO
Theorem 3. For the system (1) of n > 3, by designing the virtual controllers o; (i = 1,--- ,n) and the auxiliary

controller w(t), the closed-loop system is a non-overshooting tracking control result, which needs to satisfy one of
inequations (101)—(104).

5. Simulation Example

In this section, we give an example to illustrate the effectiveness of this algorithm.

Example 1. Consider a nonlinear system of order n = 2, where the functions f1(Z2) = o + 1/3z3, fa(u, ) =
u~+ 0.5s8in(u) + 2 and the reference signal is r = 1 — sin(t).

The control parameters are selected as ¢y = 10/3, ca = 3, c3 = 4, 1(0) = 0, 22(0) = 1, and x3(0) = —1.
The prescribed finite-time T is selected as T = 1.

Then, we can know that z1(0) = —1, 22(0) = —2 and 23(0) = 0.5sin(—1) — 5/3. According to the algorithm
in this paper, we have

23(0) = (0.5sin(—1) — 5/3)<,0—4t_1 <0
22(0) < —2@_3t—1 <0 (105)
21(0) < —p~ "1 <0

Therefore, the non-overshooting condition (90) is satisfied. The selected parameters in (105) meet the
requirements for non-overshooting tracking control, as confirmed by the simulation results shown in Figures 1 and 2.

0.2 J

1.2 1 1 1 1
0 0.2 0.4 0.6 0.8 1

t/s

Figure 1. The time trajectories of z1 (¢).
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60 . . .

t/s

Figure 2. The time trajectories of auxiliary control input w(t).

Figure 1 shows that the tracking error e(t) can converge to the origin in the moment of T = 1, and it is
always not greater than 0 in the process of convergence, which satisfies the tracking control with non-overshooting;
Figure 2 shows that the auxiliary controller w(t) is also bounded. Therefore, the algorithm in this paper is effective.

Example 2. Consider the following Chua’s circuit system in [22]

7 _ Vo=V,
CaVa - EJR%O - Iav
CoVp = =Yg + I, (106)

Lol =V, — Ry I} + u,

where V, and Vy, are the voltages on capacitors C, and Cy, respectively. 1, is the current through Chus’s diode D.
Iy, is the current on inductance Lg. Let x1 =V, x0 =V}, and x3 = I, I, = x% Then, equation (106) can be
written as

&1 = e1x2 + fi(z1),
)

By = 213 + f2(T2), 107
&3 = esu+ f3(Z3),
where €1 = pom, €2 = g €3 = 1o, [ilt1) = et — gle fo(T2) = — g ve + ety f3(@s) =
_%on — %373, Lo =0.25H, Cy, = 0.1F, R; = 0.018, C, = 1F, and Ry = 0.2Q0.

Define z1 = x1 — 1, 20 = €102 — 1 and z3 = £1693 — g, where r = 1 — sin(t). Following the algorithm
in this paper, the controllers are designed as follows:

ay = —c1¢1 — fi(x1) +7 = 1/Tpz

ay = —Ca¢2 — 5f2(Z2) + &y — 1/Tpzy (108)
1 _ .
U= [—c3ds — f3(Zg) + o — 1/Tpzs]

Then, we can obtain the closed-loop system (8). The design parameters and initial values are selected as

1 =6, ¢ =5 ¢3 =4 21(0) =0, 22(0) = 1, 23(0) = —5.3. The selection of these parameters can satisfy
the non-overshooting condition (59). Then, z1(0) = —1, 25(0) = —1. Since g—i; = b, then we choose n21 = 1
according to Assumption 1. To sum up, z3(0) = —5. In this way, the selected parameters also meet the condition of

non-overshooting (56).
The simulation result are given in Figures 3 and 4.
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4.2 1 1 1 1
0 0.2 0.4 0.6 0.8 1

t/s

Figure 3. The time trajectories of z1 (¢).

According to Figure 3, it can be seen that z1(t) converge to the origin asymptotically, and z1(t) is always
negative. This shows that the algorithm in this paper is effective.

0 0.2 0.4 0.6 0.8 1

t/s

Figure 4. The time trajectories of auxiliary control input ().

6. Conclusions

The problem of non-overshooting control of nonlinear systems is challenging. Based on the backstepping
method, the controller and auxiliary controller are designed for nonlinear strict-feedback systems and nonlinear
pure-feedback systems, and the closed-loop systems are obtained, respectively. Then, the expressions for the
tracking error are deduced according to the closed-loop systems. By analyzing the expressions, the more widely
applicable conditions of non-overshooting are obtained. Finally, the simulation results of three examples have
demonstrate the effectiveness and superiority of the proposed algorithm.

A limitation of this work, which is inherent to the backstepping approach itself, is the requirement for the
nonlinear system to have a specific structure. The backstepping method necessitates that the controlled system
be in a strict-feedback form, as the lower-triangular structure of such systems allows for the recursive control
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design intrinsic to backstepping. Future research will focus on this very aspect, aiming to develop more effective
control strategies that are not constrained by specific system structures and to explore control methods with better

generalization capabilities.
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