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Abstract: In this  paper,  the recursive filtering problem is  investigated for  stochastic  nonlinear  systems
with  relay  communication,  energy  harvesting  and  correlated  noises.  The  relay  node  receives  signals
transmitted  from  the  sensor,  then  amplifies  and  forwards  these  signals  to  the  filter.  The  transmission
power of the sensor and the relay node is characterized by random variables obeying certain probability
distribution. The energy harvesting technique is also employed to sustain the operation of both the sensor
and  the  relay  node,  where  the  corresponding  energy  harvesting  models  are  established  to  describe
evolution of their energy levels. The process and the measurement noises are one-step autocorrelated and
two-step  cross-correlated,  respectively.  Furthermore,  the  channel  noises  are  considered  as  one-step
autocorrelated  due  to  influence  of  the  communication  environment.  The  objective  of  this  paper  is  to
establish  a  recursive  filter  to  address  the  state  estimation  problem  in  the  presence  of  relay
communication,  energy  harvesting,  and  correlated  noises  within  a  unified  framework.  By  means  of
recursive  computation  and  stochastic  analysis,  a  certain  upper  bound  is  guaranteed  on  the  second
moment  matrix  of  the  filtering  error,  and  then  minimized  by  appropriately  designed  filter  gain  at  each
time  step.  In  addition,  the  boundedness  issue  is  also  discussed  to  assess  the  filtering  performance.
Finally,  two  examples  are  presented  to  illustrate  the  effectiveness  and  practicability  of  the  designed
filtering strategy.
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1. Introduction
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Over the past several decades, the filtering problem has emerged as a fundamental topic in the field of signal
processing and has garnered extensive attention. The filter designed aims to estimate the unobservable system state
based on the  system model  and measured output  signal,  which has  found widespread application  in  fields  such as
navigation,  target  tracking,  communication  systems  and  automatic  control  [1−4].  To  date,  a  multitude  of  filtering
methods have been developed, catering to diverse engineering application requirements [5−9]. In particular, the 
filtering algorithm aims to guarantee a certain level of disturbance attenuation described by the   gain from external
noises to the estimation error [10]. The Kalman filtering focuses on designing a suitable filter gain to minimize the
trace of the filtering error variance matrix. In its core, the Kalman filtering is a recursive algorithm that combines the
system model with the real-time measurements to continuously predict/update the estimation for the system state. The
classic  Kalman filter  is  indeed  an  optimal  estimator  when  dealing  with  linear  systems.  However,  due  to  modeling
errors within the system and the external environmental disturbances, the engineering systems often exhibit nonlinear
behaviors.  Up  to  now,  there  has  been  a  substantial  amount  of  literature  on  the  estimation  problem  for  nonlinear
systems  [11,  12].  Particularly,  the  stochastic  nonlinearity  arising  probably  from  the  high  maneuverability  of  the
tracked target, the intermittent network congestion or the random failures, has garnered special attention [13−16].

Most existing filtering results implicitly assume that the sensors can transmit their measurements directly to the
filter.  However,  this  assumption  is  often  unrealistic  in  engineering  practice  because  of  the  restricted  transmission
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capacity  of  the  practical  communication  channels,  primarily  stemming  from  the  physical  or  material  constraints.
Especially when deploying the low-cost sensors and requiring the data transmission from sensors via wireless links,
the  long-distance  communication  is  often  unattainable  [17].  To  address  such  signal  transmission  challenges,  relay
communication strategies have been widely adopted in industrial systems. Relays, as critical components, receive and
transmit  the  signals  from  transmitter  to  the  receiver,  enhancing  signal  transmission  and  ensuring  reliable
communication. As a result, relay communication strategies have attracted initial research attention with some results
emerging  in  [18−21].  Notably,  the  amplify-and-forward  (AF)  relay  has  attracted  significant  attention  due  to  its
simplicity and practicality in industrial systems. In this approach, the signal received from the source is amplified and
then retransmitted [22].

To  date,  the  filtering  problem  involving  relays  has  garnered  increasing  research  attention,  with  several  filter
design strategies being proposed in the literature [17, 23, 24]. However, the above mentioned literature does not take
into account the energy supply issues of the sensors and relays.  It  is  well  known that,  in scenarios where the relay
communication  strategies  are  applied,  the  sensors  and  relay  nodes  are  often  deployed  in  complex  external
environments  such as  the remote geographical  locations.  In  this  case,  ensuring the energy required for  information
transmission/processing becomes a crucial issue. The energy harvesting technology, considered as an ideal solution
for  sustainable  energy  provisioning,  has  recently  gained  substantial  interest  from  both  the  academic  and  industrial
sectors  [25−29].  It  is  worth  noting  that  limited  research  methods  are  available  to  deal  with  the  filtering  problems
subject to both relay communication and energy harvesting, which is one of the research motivations of this paper.

z

On another  research  front,  the  correlation  of  noises  is  an  important  yet  complex  phenomenon.  For  the  target
tracking problem, when both the process noise and the measurement noise depend on the system state, a correlation is
present between the process and the measurement noises [30]. Specifically, when the process noise depends on the
system state and the system state exhibits continuity (i.e., the system state at time   is related to those at adjacent time
points), the process noise becomes autocorrelated. In addition, when the target deploys an electronic countermeasure,
such as noise jamming, the measurement noises are almost never white [31−33]. Neglecting this correlation in state
estimation can significantly degrade the filter performance, and even lead to divergence of the filtering error system.
Therefore,  to  date,  some  research  has  focused  on  the  estimation  problems  with  correlated  noises  [30,  34−36].
Furthermore,  it  is  worth  mentioning  that  the  correlation  of  channel  noises  is  also  taken  into  account  in  this  paper,
undoubtedly increasing the complexity and difficulty of the analysis/synthesis of the systems. As far as the authors
are  aware,  the  filtering  problem for  stochastic  nonlinear  systems with  relay  communication,  energy harvesting  and
correlated noises remains under-explored, and the primary goal of this paper is to bridge this gap.

Summarizing the above discussions, we aim to address the recursive filtering problem for stochastic nonlinear
systems with relay communication, which is a challenging task due to the following challenges: 1) How to establish
appropriate  energy  harvesting  models  to  describe  the  evolution  of  energy  levels  in  the  sensor  and  the  relay  node?
2) How to describe the correlations between noises and correctly handle these correlations in subsequent calculations?
3) How a filter can be recursively determined in the relay communication, ensuring the upper bound is optimized at
each step? 4) How to evaluate the effectiveness of the proposed filter? The main objective of this paper is to offer
comprehensive solutions to these issues, and the key contributions can be summarized as follows:

1) This paper presents initial investigations on the recursive filtering problem for stochastic systems with relay
communication, energy harvesting and correlated noises.

2) A recursive filter is designed, where the upper bound of its error second moment matrix is minimized at each
time step.

3) Boundedness of the filtering performance is also analyzed by mathematical induction.
4)  The  recursive  methodology  is  employed  in  designing  the  filter  gain,  rendering  it  well-suited  for  online

applications.
The  structure  of  this  paper  is  as  follows.  Section  2  introduces  the  stochastic  nonlinear  system  model,  and

presents  the  recursive  filtering  problem  to  be  addressed.  In  Section  3,  an  appropriate  filter  gain  is  designed  to
minimize the obtained upper bound at each sampling instant. In Section 4, the boundedness performance is analyzed
for the obtained upper bound. Section 5 provides two examples to illustrate the effectiveness and practicability of the
proposed filtering algorithm. Conclusions are drawn in Section 6.

I
Rn Rn×m n n×m

P−1 PT P E{x}
x tr(·) δi, j

i = j Q Q > 0 Q ≥ 0 Q
a b a≤b [a b]

Notations:  The  notations  employed  in  this  paper  are  standard.  The  identity  matrix  is  denoted  by    with
appropriate  dimensions.    and    denote  the  -dimensional  Euclidean  space  and  the  set  of  all    real
matrices, respectively.   and   represent the inverse and the transpose of matrix  ,  respectively.   denotes
the expectation of a stochastic variable  , and   is the trace of some matrix.   is the Kronecker delta function,
which is  equal  to  one for   and zero otherwise.  For  a  symmetric  matrix  ,   and   mean that    is
positive  definite  and  positive  semidefinite,  respectively.  For  nonnegative  integers    and    with  , 
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{a,a+1, · · · ,b−1,b}represents a finite set  .

2. Problem Formulation and Some Preliminaries

Consider the following time-varying stochastic system:®
xz+1 = Azxz+Bzωz+ f (xz, ξz),
yz =Czxz+Dzvz,

(1)

z ∈ N := {0,1,2, · · · } xz ∈ Rn x0

x̄0 P0 yz ∈ Rm ωz ∈ Rnω vz ∈ Rmv

where the time  ;   is the system state with initial value   being a random vector that has
a mean   and a variance  ,   is the measurement output.   and   stand for the process noise
and the measurement noise, respectively, which are characterized by the following statistical properties:

E{ωs} = 0, E{vs} = 0, (2a)

E{ωsω
T
t } = Qsδs,t +Qs,tδs,t−1+Qs,tδs,t+1, (2b)

E{vsvT
t } = Rsδs,t +Rs,tδs,t−1+Rs,tδs,t+1, (2c)

E{ωsvT
t } = S sδs,t +S s,tδs,t−1+S s,tδs,t−2, (2d)

s, t ∈ N Qs Qs,t Rs Rs,t S s S s,t Az Bz Cz Dzwhere  ;  ,  ,  ,  ,    and    are  known  correlation  matrices.  Matrices  ,  ,    and    are
known with appropriate dimensions.

f (xz, ξz)The stochastic nonlinear function   in (1) has the following properties:

f (0, ξz) = 0, (3a)

E{ f (xz, ξz)|xz} = 0, (3b)

E{ f (xz, ξz) f T (x j, ξ j)|xz} =
o∑

i=1

ΠixT
z Γixzδz, j, j≥z, (3c)

ξz σ2I o Πi Γiwhere   is a zero mean stochastic noise sequence with variance  ,    is a given positive integer,   and   are
known positive semidefinite matrices.

ωz ωz−1 ωz+1 vz vz−1 vz+1 vz ωz ωz−1

ωz−2

Qs,t Rs,t S s S s,t

Remark 1. From (2a)–(2d), it can be observed that the process noise and the measurement noise considered in this
paper  exhibit  the  characteristics  of  one-step  autocorrelation  and  two-step  cross-correlation,  respectively.  More
specifically,   is correlated with   and  ,   is correlated with   and  ,   is correlated with  , 
and  . As both the system and the filter to be designed inherently involve recursions, such correlations persist and
propagate  throughout  the  entire  recursive  process,  which  will  greatly  complicate  the  analysis  and  synthesis  of  the
addressed system, as manifested in the subsequent design of the filter gains. Notably, when the correlation matrices

,  ,   and   are all zero, the noise sequences considered here degenerate to the standard uncorrelated case,
which has been extensively studied in the literature.

sz

The energy-constrained sensor broadcasts the measurement to the remote filter via an energy-constrained relay.
Let   represent the measurement received by the relay node, which is expressed as follows:

sz = γ1,z
√

p1,zC1,zyz+ v1,z, (4)

γ1,zwhere   is determined by

γ1,z =

®
1, h1,z > 0,
0, h1,z = 0,

(5)

h1,z ∈ N := {0,1,2, · · · } z S̄ 1in which   denoting the sensor’s energy level at time  . Assume   is the sensor's maximum
storage capacity, and dynamics of the sensor energy are given by

h1,z+1 =min{h1,z+
←
z 1,z−γ1,z, S̄ 1} (6)

h1,0≤S̄ 1
←
z 1,z zwith  .   is the energy harvested by the sensor at time  , which is a random variable with the following

distribution:
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P(
←
z 1,z = m) = z̄(m)

1 , m = 0,1,2, · · · (7)

(P(·)) 0≤z̄(m)
1 ≤1

∑+∞

m=0
z̄(m)

1 = 1 p1,zwhere   means  the  probability  operator,    is  a  known scalar  and  .    is  a  random
variable representing the transmission power from the sensor to the relay, and following the distribution:

P(p1,z = p(i)
1,z) = p̄(i)

1,z, i = 0,1, · · · ,u1, (8)

p(i)
1,z≥0 0≤ p̄(i)

1,z≤1
∑u1

i=0
p̄(i)

1,z = 1 C1,z v1,zwhere  ,   are known scalars and  .   is a known matrix.   is the sensor-to-relay
channel noise with zero mean, and has the following property:

E{v1,svT
1,t} = T (1)

s δs,t +T (1)
s,t δs,t−1+T (1)

s,t δs,t+1, (9)

T (1)
s T (1)

s,twhere the correlation matrices   and   are known.
After receiving the measurement, the relay node serves to amplify and forward the signal to the remote filter via

wireless channel. The measurement received by the filter is given by

rz = azγ2,z
√

p2,zC2,zsz+ v2,z, (10)

az γ2,zwhere   is the amplification factor,   is defined by

γ2,z =

®
1, h2,z > 0
0, h2,z = 0

(11)

h2,z ∈ Nwith   being the energy level of the relay, and the energy evolution concerning the relay can be characterized
as follows:

h2,z+1 =min{h2,z+
←
z 2,z−γ2,z, S̄ 2}, (12)

S̄ 2 h2,0≤S̄ 2
←
z 2,z

z
←
z 2,z

in which   is the maximum energy unit that the relay can store, the initial condition  .    is the energy
harvested by the relay node at time  , and the probability distribution of   is given as follows:

P(
←
z 2,z = m) = z̄(m)

2 , m = 0,1,2, · · · (13)

0≤z̄(m)
2 ≤1

∑+∞
m=0 z̄(m)

2 = 1 p2,zwhere   is a known scalar and  .   is the transmission power from the relay to the filter,
which has the following distribution:

P(p2,z = p(i)
2,z) = p̄(i)

2,z, i = 0,1, · · · ,u2, (14)

p(i)
2,z≥0 0≤ p̄(i)

2,z≤1
∑u2

i=0 p̄(i)
2,z = 1 C2,z v2,zwhere  ,   are known scalars with  .   is a known matrix.   is the channel noise

with zero mean, and it has the following property:

E{v2,svT
2,t} = T (2)

s δs,t +T (2)
s,t δs,t−1+T (2)

s,t δs,t+1, (15)

T (2)
s T (2)

s,tin which   and   are known correlation matrices.

v1,z v2,z

Remark 2.  In  many engineering applications,  the  signals  cannot  be  transmitted directly  from sensors  to  the  signal
center  because  of  the  long  communication  distance.  Thus,  an  AF  relay  is  usually  employed  to  tackle  this
communication  challenge.  The  transmission  powers  of  the  sensor  and  the  relay  are  considered  to  be  random,
characterized  by  random  variables  with  certain  probability  distributions.  Furthermore,  in  application  of  the  relay
strategy,  sensors  and  the  relay  nodes  are  frequently  deployed  in  the  remote  location.  Therefore,  it  is  imperative  to
have  effective  schemes  for  energy  collection.  The  estimation  problem  to  be  addressed  fully  considers  the  energy
harvesting  and  relay  communication  schemes,  thus  has  substantial  practical  significance.  On  the  other  hand,  the
channel noises   and   are both characterized to be autocorrelated, which constitute a significant distinction from
the  relay  channel  model  presented  in  [23],  not  to  mention  that  the  energy  harvesting  strategies  are  simultaneously
considered here.

x0 ξz p1,z p2,z
←
z 1,z

←
z 2,z v1,z v2,z

ωz vz

Assumption 1. The random variable   and the random sequences  ,  ,  ,  ,  ,  , and   are mutually
uncorrelated. Furthermore, the noise sequences   and   are uncorrelated with the aforementioned random variables.

p1,z, p2,z,
←
z 1,z,

←
z 2,zAssumption 2. The random sequences   are white.

This paper aims to design a recursive filter for system (1) given by®
x̂z+1|z = Az x̂z|z,

x̂z+1|z+1 = x̂z+1|z+Kz+1(rz+1−Ez+1 x̂z+1|z),
(16)
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where

Ez+1 := az+1γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1C2,z+1C1,z+1Cz+1,

x̂z+1|z xz+1 x̂z+1|z+1 xz+1 x̂0|0 = x̄0 Kz+1 is the one-step prediction of state  ,   is an updated estimate of state   with  ,   is the
filter gain to be designed; in which

p̄1,z+1 := E{ √p1,z+1} =
u1∑

i=0

»
p(i)

1,z+1 p̄(i)
1,z+1,

p̄2,z+1 := E{ √p2,z+1} =
u2∑

i=0

»
p(i)

2,z+1 p̄(i)
2,z+1;

γ̄1,z+1 γ̄2,z+1 γ1,z+1 γ2,z+1 and   are the expectation of   and   respectively, that will be obtained in subsequent calculations.
x̃z+1|z := xz+1− x̂z+1|z x̃z+1|z+1 := xz+1− x̂z+1|z+1Denote  the  prediction  error  as    and  the  filtering  error  as  .  Then,

considering (1), (4), (10) and (16), we have

x̃z+1|z = Az x̃z|z+Bzωz+ f (xz, ξz), (17a)

x̃z+1|z+1 =(I−Kz+1Ez+1)x̃z+1|z−az+1
(
γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1

)
×Kz+1C2,z+1C1,z+1Cz+1xz+1−az+1γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1Kz+1C2,z+1C1,z+1

×Dz+1vz+1−az+1γ2,z+1
√

p2,z+1Kz+1C2,z+1v1,z+1−Kz+1v2,z+1. (17b)

The  objective  of  this  paper  is  mainly  to  establish  a  unified  framework  for  addressing  the  state  estimation
problem  for  the  stochastic  nonlinear  system  (1),  considering  the  correlated  noises  under  the  simultaneous  relay
communication and energy harvesting schemes.

3. Main Result

This  section  focuses  on  solving  the  estimation  problem  for  system  (1)  with  relay  communication,  correlated
noises and energy harvesting mechanisms. Firstly, the upper bounds for the second moment matrices of the filtering
errors are provided. Then, such bounds are minimized in the sense of trace by appropriately designing the filter gains.

To arrive at our main results, the following lemmas are introduced.
a b ϵLemma  1. Let    and    be  vectors  of  compatible  dimensions.  For  any  positive  scalar  ,  the  following  inequality

holds:

abT +baT≤ϵaaT + ϵ−1bbT .

h1,z h2,z h̄1,z := [h̄(0)
1,z h̄(1)

1,z · · · h̄(S̄ 1)
1,z ]T

h̄2,z := [h̄(0)
2,z h̄(1)

2,z · · · h̄(S̄ 2)
2,z ]T h̄(i)

j,z = P(h j,z = i) i = 0,1, · · · ,S j j = 1,2
γ1,z+1 γ2,z+1

Lemma 2. Denote the probability distribution laws of the energy levels   and   by 
and    respectively,  where    for  each    ( ).  Then,  the
probability distributions of random variables   and   are provided as follows:

P(γ1,z+1 = 1) = γ̄1,z+1, P(γ2,z+1 = 1) = γ̄2,z+1, (18)

where

γ̄1,z+1 = 1−R1h̄1,z+1, R1 = [10 · · ·0︸  ︷︷  ︸
S̄ 1

], γ̄2,z+1 = 1−R2h̄2,z+1, R2 = [10 · · ·0︸  ︷︷  ︸
S̄ 2

],

h̄1,z+1 = b1+G1h̄1,z, b1 = [0 · · ·0︸  ︷︷  ︸
S̄ 1

1]T , h̄2,z+1 = b2+G2h̄2,z, b2 = [0 · · ·0︸  ︷︷  ︸
S̄ 2

1]T ,

G1 =



z̄(0)
1 z̄(0)

1 0 · · · 0

z̄(1)
1 z̄(1)

1 z̄(0)
1 · · · 0

z̄(2)
1 z̄(2)

1 z̄(1)
1 · · · 0

...
...

...
. . .

...

z̄(S̄ 1−1)
1 z̄(S̄ 1−1)

1 z̄(S̄ 1−2)
1 · · · z̄(0)

1

−
∑S̄ 1−1

i=0
z̄(i)

1 −
∑S̄ 1−1

i=0
z̄(i)

1 −
∑S̄ 1−1

i=1
z̄(i−1)

1 · · · −z̄(0)
1


,
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G2 =



z̄(0)
2 z̄(0)

2 0 · · · 0

z̄(1)
2 z̄(1)

2 z̄(0)
2 · · · 0

z̄(2)
2 z̄(2)

2 z̄(1)
2 · · · 0

...
...

...
. . .

...

z̄(S̄ 2−1)
2 z̄(S̄ 2−1)

2 z̄(S̄ 2−2)
2 · · · z̄(0)

2

−
∑S̄ 2−1

i=0
z̄(i)

2 −
∑S̄ 2−1

i=0
z̄(i)

2 −
∑S̄ 2−1

i=1
z̄(i−1)

2 · · · −z̄(0)
2


.

j = 1 h1,z+1
←
z 1,z+1 i = 0,1, · · · , S̄ 1−1

Proof.  Without  loss  of  generality,  set  .  It  is  straightforward  to  observe  that  the  random  variable    is
independent of  , and hence, for each  , we have

h̄(i)
1,z+1 =P(h1,z+1 = i) = P(min{h1,z+

←
z 1,z−γ1,z, S̄ 1} = i)

=P(h1,z+
←
z 1,z−γ1,z = i)

=P(h1,z = 0,
←
z 1,z = i)+

i+1∑
l=1

P(h1,z = l,
←
z 1,z = i+1− l)

=P(h1,z = 0)P(
←
z 1,z = i)+

i+1∑
l=1

P(h1,z = l)P(
←
z 1,z = i+1− l)

=h̄(0)
1,z z̄

(i)
1 +

i+1∑
l=1

h̄(l)
1,zz̄

(i+1−l)
1 .

(19)

i = S̄ 1 h̄(S̄ 1)
1,z+1When  ,   can be given by

h̄(S̄ 1)
1,z+1 =1−

S̄ 1−1∑
i=0

h̄(i)
1,z+1

=1− h̄(0)
1,z

S̄ 1−1∑
i=0

z̄(i)
1 −

S̄ 1−1∑
i=0

i+1∑
l=1

h̄(l)
1,zz̄

(i+1−l)
1

=1− h̄(0)
1,z

S̄ 1−1∑
i=0

z̄(i)
1 −

S̄ 1∑
l=1

h̄(l)
1,z

S̄ 1−1∑
i=l−1

z̄(i+1−l)
1 .

(20)

h̄1,z+1Considering (19) and (20), the recursive form of   can be obtained as follow:

h̄1,z+1 = b1+G1h̄1,z. (21)

γ1,z

γ2,z

From (5) and (19), the probability distribution of   can be easily obtained. The same method can be used to access
the probability distribution of  , and the proof is now complete. □

γ1,z γ2,zLemma 3. For  the  random variables   and   defined respectively  in  (5)  and (11),  the  following relationships
hold:

P(γ1,z+1γ1,z = 0) = q̄1,z, P(γ2,z+1γ2,z = 0) = q̄2,z, (22)

where

q̄1,z = h̄(0)
1,z + h̄(1)

1,z z̄
(0)
1 , q̄2,z = h̄(0)

2,z + h̄(1)
2,z z̄

(0)
2 .

Proof. It follows from (5)–(7) that

P(γ1,z+1γ1,z = 0) =P(γ1,z+1γ1,z = 0,γ1,z = 0)+P(γ1,z+1γ1,z = 0,γ1,z = 1)
=P(γ1,z = 0)+P(γ1,z+1 = 0,γ1,z = 1)

=P(h1,z = 0)+P(h1,z+
←
z 1,z−1 = 0,h1,z > 0)

=P(h1,z = 0)+P(h1,z = 1,
←
z 1,z = 0)

=h̄(0)
1,z + h̄(1)

1,z z̄
(0)
1 ,

(23)

from which and (5), it is directly obtained that
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P(γ1,z+1γ1,z = 1) = 1−P(γ1,z+1γ1,z = 0) = 1− q̄1,z. (24)

It follows from (23) and (24) that the first equality in (22) holds. Subsequently, the other equality in (22) can also be
established through similar calculations, thereby completing the proof of this lemma. □

Xz+1 := E{xz+1xT
z+1}Lemma 4. The second moment matrix of the state is denoted as  , which satisfies

Xz+1 =AzXzAT
z +BzQzBT

z +

o∑
i=1

Πitr(XzΓi)+AzBz−1Qz−1,zBT
z +BzQT

z−1,zB
T
z−1AT

z (25)

X0 = P0+ x̄0 x̄T
0with initial value  .

Proof. From (1), one has

Xz+1 =AzE{xzxT
z }AT

z +BzE{ωzω
T
z }BT

z +E{ f (xz, ξz) f T (xz, ξz)}+AzE{xzω
T
z }BT

z

+BzE{ωzxT
z }AT

z +AzE{xz f T (xz, ξz)}+E{ f (xz, ξz)xT
z }AT

z +BzE{ωz f T (xz, ξz)}
+E{ f (xz, ξz)ωT

z }BT
z .

ωz ξzConsidering (3b) and the fact that the random variables   and   are independent, we have

E{ f (xz, ξz)ωT
z } = 0. (26)

According to the property of the conditional expectation, it results from (3b)–(3c) that

E{xz f T (xz, ξz)} = E{E{xz f T (xz, ξz)|xz}} = E{xzE{ f T (xz, ξz)|xz}} = 0 (27)

and

E{ f (xz, ξz) f T (xz, ξz)} =E{E{ f (xz, ξz) f T (xz, ξz)|xz}}

=

o∑
i=1

ΠiE{xT
z Γixz} =

o∑
i=1

Πitr(XzΓi).
(28)

E{xzω
T
z }Noting (1) and (2a)–(2b), the term   can be calculated as follows:

E{xzω
T
z } = E{[Az−1xz−1+Bz−1ωz−1+ f (xz−1, ξz−1)]ωT

z } = Bz−1Qz−1,z. (29)

Then, (25) can be concluded. □

Pz+1|z := E{x̃z+1|z x̃T
z+1|z}

Lemma 5. For system (1), the recursive form of the second moment matrix for the one-step prediction error denoted
by   is given by

Pz+1|z = AzPz|zAT
z +BzQzBT

z +

o∑
i=1

Πitr(XzΓi)+AzMzBT
z +BzMT

z AT
z , (30)

Pz|z := E{x̃z|z x̃T
z|z} x̃z|zwhere   is the second moment matrix of the filtering error  , and

Mz =
(
I−azγ̄1,zγ̄2,z p̄1,z p̄2,zKzC2,zC1,zCz

)
Bz−1Qz−1,z−azγ̄1,zγ̄2,z p̄1,z p̄2,zKzC2,zC1,zDzS T

z .

ξz x̃z|zProof. Since variable   is uncorrelated with  , one has from (3b) that

E{x̃z|z f T (xz, ξz)} =E{E{x̃z|z f T (xz, ξz)|x̃z|z}}
=E{x̃z|zE{ f T (xz, ξz)|x̃z|z}}
=E{x̃z|zE{ f T (xz, ξz)|xz}} = 0.

(31)

x̃z+1|zThen, from the expression of  , we have

Pz+1|z =AzE{x̃z|z x̃T
z|z}AT

z +BzE{ωzω
T
z }BT

z +E{ f (xz, ξz) f T (xz, ξz)}+AzE{x̃z|zω
T
z }BT

z

+BzE{ωz x̃T
z|z}AT

z +AzE{x̃z|z f T (xz, ξz)}+E{ f (xz, ξz)x̃T
z|z}AT

z +BzE{ωz f T (xz, ξz)}
+E{ f (xz, ξz)ωT

z }BT
z .

(32)

E{x̃z|zω
T
z }Based on (2b), (2d) and Assumption 1, the following relationship for term   can be established:

IJNDI, 2025, 4, 100021. https://doi.org/10.53941/ijndi.2025.100021

 
7 of 19

https://doi.org/10.53941/ijndi.2025.100021


E{x̃z|zω
T
z } =E

¶î
(I−azγ̄1,zγ̄2,z p̄1,z p̄2,zKzC2,zC1,zCz)

(
Az−1 x̃z−1|z−1+Bz−1ωz−1

+ f (xz−1, ξz−1)
)
−az(γ1,zγ2,z

√
p1,z p2,z− γ̄1,zγ̄2,z p̄1,z p̄2,z)KzC2,zC1,zCzxz

−azγ1,zγ2,z
√

p1,z p2,zKzC2,zC1,zDzvz−azγ2,z
√

p2,zKzC2,zv1,z−Kzv2,z

ó
ωT

z

©
=(I−azγ̄1,zγ̄2,z p̄1,z p̄2,zKzC2,zC1,zCz)Bz−1E{ωz−1ω

T
z }

−azE{(γ1,zγ2,z
√

p1,z p2,z− γ̄1,zγ̄2,z p̄1,z p̄2,z)KzC2,zC1,zCzxzω
T
z }

−azE{γ1,zγ2,z
√

p1,z p2,zKzC2,zC1,zDzvzω
T
z }

=(I−azγ̄1,zγ̄2,z p̄1,z p̄2,zKzC2,zC1,zCz)Bz−1Qz−1,z

−azγ̄1,zγ̄2,z p̄1,z p̄2,zKzC2,zC1,zDzS T
z . (33)

It follows from (26), (28) and (31)–(33) that (30) holds, which completes the proof of this lemma. □
ϵ1 Xz+1

Pz+1|z Pz+1|z

Theorem 1. Let   be a given positive scalar and   satisfy (25). Considering system (1) with recursive filter (16),
the second moment matrices   and   are bounded by

Pz+1|z≤P⃗z+1|z, Pz+1|z+1≤P⃗z+1|z+1, (34)

P⃗z+1|z P⃗z+1|z+1 P⃗0|0 = P0where  matrix  sequences    and   with  initial  value    are  derived  as  solutions  to  the  following
recursive equations:

P⃗z+1|z = AzP⃗z|zAT
z +BzQzBT

z +

o∑
i=1

Πitr(XzΓi)+AzMzBT
z +BzMT

z AT
z , (35a)

P⃗z+1|z+1 =(1+ ϵ1)(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T +Kz+1Lz+1KT
z+1

− (I−Kz+1Ez+1)Hz+1KT
z+1−Kz+1HT

z+1(I−Kz+1Ez+1)T , (35b)

in which

Hz+1 =az+1γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1
[
Az(I−KzEz)Bz−1S z−1,z+1+BzS z,z+1

]
DT

z+1C
T
1,z+1C

T
2,z+1

−az+1az(1− q̄2,z) p̄2,z+1 p̄2,zAzKzC2,zT
(1)
z,z+1C

T
2,z+1−AzKzT

(2)
z,z+1

−az+1az
[
(1− q̄1,z)(1− q̄2,z) p̄1,z+1 p̄2,z+1 p̄1,z p̄2,z

− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1γ̄1,zγ̄2,z p̄1,z p̄2,z
]
AzKzC2,zC1,zCzBz−1S z−1,z+1

×DT
z+1C

T
1,z+1C

T
2,z+1−az+1az(1− q̄1,z)(1− q̄2,z) p̄1,z+1 p̄2,z+1 p̄1,z p̄2,z

×AzKzC2,zC1,zDzRz,z+1DT
z+1C

T
1,z+1C

T
2,z+1, (36)

Lz+1 =(1+ ϵ−1
1 )a2

z+1(γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1− γ̄2
1,z+1γ̄

2
2,z+1 p̄2

1,z+1 p̄2
2,z+1)C2,z+1C1,z+1

×Cz+1Xz+1CT
z+1C

T
1,z+1C

T
2,z+1+a2

z+1γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1C2,z+1C1,z+1Dz+1

×Rz+1DT
z+1C

T
1,z+1C

T
2,z+1+a2

z+1γ̄2,z+1 p̆2,z+1C2,z+1T (1)
z+1C

T
2,z+1+T (2)

z+1

+a2
z+1(γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1− γ̄2

1,z+1γ̄
2
2,z+1 p̄2

1,z+1 p̄2
2,z+1)C2,z+1C1,z+1

×
[
Cz+1(AzBz−1S z−1,z+1+BzS z,z+1)DT

z+1

+Dz+1(S T
z,z+1BT

z +S T
z−1,z+1BT

z−1AT
z )CT

z+1

]
CT

1,z+1C
T
2,z+1, (37)

p̆1,z =

u1∑
i=0

p(i)
1,z p̄(i)

1,z, p̆2,z =

u2∑
i=0

p(i)
2,z p̄(i)

2,z. (38)

P⃗z+1|z+1Furthermore, the trace of the upper bound   is minimized when the filter gain is designed as follows:

Kz+1 =[(1+ ϵ1)P⃗z+1|zET
z+1+Hz+1]

(
(1+ ϵ1)Ez+1P⃗z+1|zET

z+1|z

+Lz+1+Ez+1Hz+1+HT
z+1ET

z+1

)−1
. (39)

Pz+1|z+1 x̃z+1Proof. By using the definition of   and the expression of  , one has
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Pz+1|z+1 =E{(I−Kz+1Ez+1)x̃z+1|z x̃T
z+1|z(I−Kz+1Ez+1)T }+E{Kz+1v2,z+1vT

2,z+1KT
z+1}

+Z1,z+1+Z2,z+1+Z3,z+1−Z4,z+1−ZT
4,z+1−Z5,z+1−ZT

5,z+1−Z6,z+1

−ZT
6,z+1−Z7,z+1−ZT

7,z+1+Z8,z+1+ZT
8,z+1+Z9,z+1+ZT

9,z+1+Z10,z+1

+ZT
10,z+1+Z11,z+1+ZT

11,z+1+Z12,z+1+ZT
12,z+1+Z13,z+1+ZT

13,z+1, (40)

where

Z1,z+1 =E{a2
z+1(γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)2

×Kz+1C2,z+1C1,z+1Cz+1xz+1xT
z+1C

T
z+1C

T
1,z+1C

T
2,z+1KT

z+1},
Z2,z+1 =E{a2

z+1γ
2
1,z+1γ

2
2,z+1 p1,z+1 p2,z+1Kz+1C2,z+1C1,z+1Dz+1vz+1vT

z+1

×DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1},
Z3,z+1 =E{a2

z+1γ
2
2,z+1 p2,z+1Kz+1C2,z+1v1,z+1vT

1,z+1C
T
2,z+1KT

z+1},
Z4,z+1 =E{az+1(γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)(I−Kz+1Ez+1)

× x̃z+1|zxT
z+1C

T
z+1C

T
1,z+1C

T
2,z+1KT

z+1},
Z5,z+1 =E{az+1γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1(I−Kz+1Ez+1)x̃z+1|zvT

z+1DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1},
Z6,z+1 =E{az+1γ2,z+1

√
p2,z+1(I−Kz+1Ez+1)x̃z+1|zvT

1,z+1C
T
2,z+1KT

z+1},
Z7,z+1 =E{(I−Kz+1Ez+1)x̃z+1|zvT

2,z+1KT
z+1},

Z8,z+1 = E{a2
z+1(γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)γ1,z+1γ2,z+1

× √p1,z+1 p2,z+1Kz+1C2,z+1C1,z+1Cz+1xz+1vT
z+1DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1},
Z9,z+1 =E{a2

z+1(γ1,z+1γ2,z+1
√

p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)
×γ2,z+1

√
p2,z+1Kz+1C2,z+1C1,z+1Cz+1xz+1vT

1,z+1C
T
2,z+1KT

z+1},
Z10,z+1 =E{az+1(γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)

×Kz+1C2,z+1C1,z+1Cz+1xz+1vT
2,z+1KT

z+1},
Z11,z+1 =E{a2

z+1γ1,z+1γ
2
2,z+1
√

p1,z+1 p2,z+1Kz+1C2,z+1C1,z+1Dz+1vz+1vT
1,z+1C

T
2,z+1KT

z+1},
Z12,z+1 =E{az+1γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1Kz+1C2,z+1C1,z+1Dz+1vz+1vT

2,z+1KT
z+1},

Z13,z+1 =E{az+1γ2,z+1
√

p2,z+1Kz+1C2,z+1v1,z+1vT
2,z+1KT

z+1}.

Z9,z+1 Z10,z+1 Z11,z+1 Z12,z+1 Z13,z+1 Pz+1|z+1Observing that the terms  ,  ,  ,   and   in (40) are equal to zero, matrix   can be
calculated as follows:

Pz+1|z+1 =(I−Kz+1Ez+1)Pz+1|z(I−Kz+1Ez+1)T +Kz+1T (2)
z+1KT

z+1+Z1,z+1+Z2,z+1

+Z3,z+1−Z4,z+1−ZT
4,z+1−Z5,z+1−ZT

5,z+1−Z6,z+1−ZT
6,z+1−Z7,z+1

−ZT
7,z+1+Z8,z+1+ZT

8,z+1. (41)

By utilizing the properties of the expectation operator, we can readily derive from Assumption 1 and Lemma 2
that

Z1,z+1 =a2
z+1E{(γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)2}

×Kz+1C2,z+1C1,z+1Cz+1Xz+1CT
z+1C

T
1,z+1C

T
2,z+1KT

z+1

=a2
z+1(γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1− γ̄2

1,z+1γ̄
2
2,z+1 p̄2

1,z+1 p̄2
2,z+1)

×Kz+1C2,z+1C1,z+1Cz+1Xz+1CT
z+1C

T
1,z+1C

T
2,z+1KT

z+1, (42)

Z2,z+1 =a2
z+1E{γ2

1,z+1γ
2
2,z+1 p1,z+1 p2,z+1}Kz+1C2,z+1C1,z+1Dz+1Rz+1DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1

=a2
z+1γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1Kz+1C2,z+1C1,z+1Dz+1Rz+1DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1, (43)

Z3,z+1 =a2
z+1E{γ2

2,z+1 p2,z+1}Kz+1C2,z+1T (1)
z+1C

T
2,z+1KT

z+1

=a2
z+1γ̄2,z+1 p̆2,z+1Kz+1C2,z+1T (1)

z+1C
T
2,z+1KT

z+1. (44)

Now, we are ready to calculate the cross-terms in (41). By Assumptions 1–2, it follows from (1), (17a), (17b)
and Lemmas 2–3 that
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Z5,z+1 =E{az+1γ1,z+1γ2,z+1
√

p1,z+1 p2,z+1(I−Kz+1Ez+1)Az(I−KzEz)Bz−1

×ωz−1vT
z+1DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1}−E{az+1azγ1,z+1γ2,z+1
√

p1,z+1 p2,z+1

× (I−Kz+1Ez+1)(γ1,zγ2,z
√

p1,z p2,z− γ̄1,zγ̄2,z p̄1,z p̄2,z)AzKzC2,zC1,zCzxzvT
z+1

×DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1}−E{az+1azγ1,z+1γ2,z+1
√

p1,z+1 p2,z+1

× (I−Kz+1Ez+1)γ1,zγ2,z
√

p1,z p2,zAzKzC2,zC1,zDzvzvT
z+1DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1}
+E{az+1γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1(I−Kz+1Ez+1)BzωzvT

z+1DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1}
=(I−Kz+1Ez+1)

Ä
az+1γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1

[
Az(I−KzEz)Bz−1S z−1,z+1

+BzS z,z+1
]
DT

z+1C
T
1,z+1C

T
2,z+1−az+1az

[
(1− q̄1,z)(1− q̄2,z)p̄1,z+1 p̄2,z+1 p̄1,z p̄2,z

− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1γ̄1,zγ̄2,z p̄1,z p̄2,z
]
AzKzC2,zC1,zCzBz−1S z−1,z+1DT

z+1C
T
1,z+1

×CT
2,z+1−az+1az(1− q̄1,z)(1− q̄2,z)p̄1,z+1 p̄2,z+1 p̄1,z p̄2,zAzKzC2,zC1,zDzRz,z+1

×DT
z+1C

T
1,z+1C

T
2,z+1

ä
KT

z+1, (45)

Z6,z+1 =−E{az+1γ2,z+1
√

p2,z+1(I−Kz+1Ez+1)Azazγ2,z
√

p2,zKzC2,zv1,zvT
1,z+1C

T
2,z+1KT

z+1}
=(I−Kz+1Ez+1)

(
−az+1az(1− q̄2,z) p̄2,z+1 p̄2,zAzKzC2,zT

(1)
z,z+1C

T
2,z+1

)
KT

z+1, (46)

Z7,z+1 =−E{(I−Kz+1Ez+1)AzKzv2,zvT
2,z+1KT

z+1}
=(I−Kz+1Ez+1)

(
−AzKzT

(2)
z,z+1

)
KT

z+1, (47)

Z8,z+1 =a2
z+1E

{
(γ1,z+1γ2,z+1

√
p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)γ1,z+1γ2,z+1

√
p1,z+1

× √p2,z+1
}

Kz+1C2,z+1C1,z+1Cz+1E{xz+1vT
z+1}DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1

=a2
z+1(γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1− γ̄2

1,z+1γ̄
2
2,z+1 p̄2

1,z+1 p̄2
2,z+1)Kz+1C2,z+1C1,z+1Cz+1

× (AzBz−1S z−1,z+1+BzS z,z+1)DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1. (48)

ωz γ1,z γ2,z −Z4,z+1−ZT
4,z+1

Z4,z+1

On  the  other  hand,  due  to  the  simultaneous  presence  of  stochastic  nonlinearity  defined  in  (3a)–(3c)  and  the
autocorrelation of random sequences  ,   and  , the exact value of term   cannot be determined.
Therefore, a feasible choice is to obtain an upper bound for such a term. It follows from the definition of   and
Lemma 1 that

−Z4,z+1−ZT
4,z+1

≤ϵ1E{(I−Kz+1Ez+1)x̃z+1|z x̃T
z+1|z(I−Kz+1Ez+1)T }+ ϵ−1

1 E{a2
z+1(γ1,z+1γ2,z+1

× √p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)2Kz+1C2,z+1C1,z+1Cz+1xz+1xT
z+1

×CT
z+1C

T
1,z+1C

T
2,z+1KT

z+1}
= ϵ1(I−Kz+1Ez+1)Pz+1|z(I−Kz+1Ez+1)T + ϵ−1

1 a2
z+1(γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1

− γ̄2
1,z+1γ̄

2
2,z+1 p̄2

1,z+1 p̄2
2,z+1)Kz+1C2,z+1C1,z+1Cz+1Xz+1CT

z+1C
T
1,z+1C

T
2,z+1KT

z+1. (49)

Substituting (42)–(49) into (41), it can be obtained directly that

Pz+1|z+1≤(1+ ϵ1)(I−Kz+1Ez+1)Pz+1|z(I−Kz+1Ez+1)T +Kz+1Lz+1KT
z+1

− (I−Kz+1Ez+1)Hz+1KT
z+1−Kz+1HT

z+1(I−Kz+1Ez+1)T (50)

Lz+1 Hz+1where   and   are defined in (36) and (37).
P⃗z+1|z+1 Pz+1|z+1

P⃗0|0 = P0|0 Pz|z≤P⃗z|z z = z0≥0
Next,  we will  prove that    is  an  upper  bound for   by  mathematical  induction.  Firstly,  we have

 from the initial  conditions.  Then,  assume that   holds for  .  From (30)  and (35a),  the
following relationship can be obtained:

Pz0+1|z0
≤Az0

P⃗z0 |z0
AT

z0
+Bz0

Qz0
BT

z0
+

o∑
i=1

Πitr(Xz0
Γi)+Az0

Mz0
BT

z0
+Bz0

MT
z0

AT
z0
= P⃗z0+1|z0

,

from which, together with (35b) and (50), one has

Pz0+1|z0+1− P⃗z0+1|z0+1≤(1+ ϵ1)(I−Kz0+1Ez0+1)(Pz0+1|z0
− P⃗z0+1|z0

)(I−Kz0+1Ez0+1)T≤0.

Pz+1|z+1≤P⃗z+1|z+1 z ∈ NTherefore, the inequality   holds for all  .
Kz+1 P⃗z+1|z+1Finally, we proceed to design an appropriate filter gain   which minimizes such an upper bound  .
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tr(P⃗z+1|z+1) Kz+1Taking the partial derivative of   with respect to  , we have

∂tr(P⃗z+1|z+1)
∂Kz+1

=−2(1+ ϵ1)(I−Kz+1Ez+1)P⃗z+1|zET
z+1+2Kz+1Lz+1

−2Hz+1+2Kz+1Ez+1Hz+1+2Kz+1HT
z+1ET

z+1. (51)

Kz+1Let (51) be zero and then the filter gain   is given as (39) shown. The proof of this theorem is complete. □

p̄1,z p̄2,z

γ̄1,z γ̄2,z

Πi Γi i = 1,2, · · · ,o
Qs,Qs,t,Rs,Rs,t,T (1)

s ,T
(1)
s,t ,T (2)

s T (2)
s,t

S s S s,t

Remark  3.  Based  on  Theorem  1,  we  have  derived  a  novel  solution  to  the  filtering  problem  for  the  stochastic
nonlinear  system  (1).  The  system  considered  in  this  paper  is  comprehensive,  encompassing  various  phenomena,
namely,  relay  communication,  energy harvesting,  stochastic  nonlinearity,  autocorrelated  noises  and cross-correlated
noises.  These  phenomena,  which  are  commonly  encountered  in  engineering  applications,  have  been  successfully
addressed within a unified framework. Moreover, all these phenomena are reflected in the main result of this study.
Specifically,    and    describe  the  average  power  levels  of  the  transmission  power  in  the  sensor-to-relay
communication channel and the relay-to-filter communication channel respectively. Constants   and   account
for  the  effects  of  energy  harvesting  on  the  communication  capabilities.  Matrices    and    (for  )
quantify  the  impact  of  stochastic  nonlinearity.  Matrices    and    reflect  the
autocorrelated noises, while   and   represent the cross-correlated phenomenon of the noises.

4. Performance Analysis

Pz+1|z+1

Pz+1|z+1

After deriving the locally minimal upper bound for the second moment matrix   of the filtering error at
each  time  step,  it  is  valuable  to  evaluate  the  performance  of  the  designed  filter.  This  section  further  analyzes  the
bound with respect to  . To proceed, the following assumption is presented.

ā, b̄, m̄, π̄i, γ̄i (i ∈ [1 o]) q̄
z ∈ N

Assumption 3. Positive scalars   and   exist such that the following relationships are satisfied
for all  :

tr(AzAT
z )≤ā, tr(BzBT

z )≤b̄, tr(Xz)≤m̄,
tr(Πi)≤π̄i, tr(Γi)≤γ̄i, tr(Qz)≤q̄.

ϵi (i = 2,3,4,5,6) ϵ1
Kz+1

P⃗z+1|z+1

Theorem 2. Let     denote a set of positive scalars with   being given in Theorem 1. Consider the
time-varying  system  (1)  with  filter  (16),  in  which  the  gain  parameter    is  presented  in  (39).  It  follows  from
Assumption 3 that matrix   is bounded by

P⃗z+1|z+1≤ηz+1I (52)

P⃗0|0≤η0Iwith initial constraint  , where

ηz+1 = λz+1η0+

z∑
i=0

λiβ2, λz = β1λz−1, λ0 = 1,

β1 = (1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)(1+ ϵ2)ā,

β2 = (1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)
[
(1+ ϵ−1

2 )b̄q̄+ m̄
o∑

i=1

π̄iγ̄i
]
.

MzProof. By applying Lemma 1 and Assumption 3, it can be obtained from (33), (34), (35a) and the definition of 
that

P⃗z+1|z≤AzP⃗z|zAT
z +BzQzBT

z +

o∑
i=1

Πitr(XzΓi)+ ϵ2AzE{x̃z|z x̃T
z|z}AT

z + ϵ
−1
2 BzE{ωzω

T
z }BT

z

≤(1+ ϵ2)AzP⃗z|zAT
z + (1+ ϵ−1

2 )BzQzBT
z +

o∑
i=1

Πitr(XzΓi)

:=Σz+1|z. (53)

ϵi (i = 3, ...,6)For the positive scalars    , one has directly from Lemma 1, (34) and (40) that
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−Z5,z+1−ZT
5,z+1≤ϵ3E{(I−Kz+1Ez+1)x̃z+1|z x̃T

z+1|z(I−Kz+1Ez+1)T }
+ ϵ−1

3 E{a2
z+1γ

2
1,z+1γ

2
2,z+1 p1,z+1 p2,z+1Kz+1C2,z+1C1,z+1

×Dz+1vz+1vT
z+1DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1}
≤ϵ3(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T

+ ϵ−1
3 a2

z+1γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1Kz+1C2,z+1C1,z+1

×Dz+1Rz+1DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1, (54)

−Z6,z+1−ZT
6,z+1≤ϵ4E{(I−Kz+1Ez+1)x̃z+1|z x̃T

z+1|z(I−Kz+1Ez+1)T }
+ ϵ−1

4 E{a2
z+1γ

2
2,z+1 p2,z+1Kz+1C2,z+1v1,z+1vT

1,z+1C
T
2,z+1KT

z+1}
≤ϵ4(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T

+ ϵ−1
4 a2

z+1γ̄2,z+1 p̆2,z+1Kz+1C2,z+1T (1)
z+1C

T
2,z+1KT

z+1, (55)

−Z7,z+1−ZT
7,z+1≤ϵ5E{(I−Kz+1Ez+1)x̃z+1|z x̃T

z+1|z(I−Kz+1Ez+1)T }
+ ϵ−1

5 E{Kz+1v2,z+1vT
2,z+1KT

z+1}
≤ϵ5(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T + ϵ−1

5 Kz+1T (2)
z+1KT

z+1, (56)

Z8,z+1+ZT
8,z+1≤ϵ6E{a2

z+1(γ1,z+1γ2,z+1
√

p1,z+1 p2,z+1− γ̄1,z+1γ̄2,z+1 p̄1,z+1 p̄2,z+1)2Kz+1C2,z+1

×C1,z+1Cz+1xz+1xT
z+1C

T
z+1C

T
1,z+1C

T
2,z+1KT

z+1}+ ϵ−1
6 E{a2

z+1γ
2
1,z+1γ

2
2,z+1

× p1,z+1 p2,z+1Kz+1C2,z+1C1,z+1Dz+1vz+1vT
z+1DT

z+1C
T
1,z+1C

T
2,z+1KT

z+1}
=ϵ6a2

z+1(γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1− γ̄2
1,z+1γ̄

2
2,z+1 p̄2

1,z+1 p̄2
2,z+1)

×Kz+1C2,z+1C1,z+1Cz+1Xz+1CT
z+1C

T
1,z+1C

T
2,z+1KT

z+1

+ ϵ−1
6 a2

z+1γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1Kz+1C2,z+1C1,z+1Dz+1

×Rz+1DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1. (57)

Hz+1Considering (54)–(56) and the definition of  , we have

− (I−Kz+1Ez+1)Hz+1KT
z+1−Kz+1HT

z+1(I−Kz+1Ez+1)T

≤(ϵ3+ ϵ4+ ϵ5)(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T

+ ϵ−1
3 a2

z+1γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1Kz+1C2,z+1C1,z+1Dz+1Rz+1DT
z+1C

T
1,z+1C

T
2,z+1KT

z+1

+ ϵ−1
4 a2

z+1γ̄2,z+1 p̆2,z+1Kz+1C2,z+1T (1)
z+1C

T
2,z+1KT

z+1+ ϵ
−1
5 Kz+1T (2)

z+1KT
z+1,

from which and (35b), (37) as well as (57), one obtains that

P⃗z+1|z+1≤(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T +Kz+1Fz+1KT
z+1

:=Σz+1|z+1
(58)

Kz+1holds for any matrix   with compatible dimensions, where

Fz+1 =(1+ ϵ−1
1 + ϵ6)a2

z+1(γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1− γ̄2
1,z+1γ̄

2
2,z+1 p̄2

1,z+1 p̄2
2,z+1)

×C2,z+1C1,z+1Cz+1Xz+1CT
z+1C

T
1,z+1C

T
2,z+1+ (1+ ϵ−1

3 + ϵ
−1
6 )

×a2
z+1γ̄1,z+1γ̄2,z+1 p̆1,z+1 p̆2,z+1C2,z+1C1,z+1Dz+1Rz+1DT

z+1C
T
1,z+1C

T
2,z+1

+ (1+ ϵ−1
4 )a2

z+1γ̄2,z+1 p̆2,z+1C2,z+1T (1)
z+1C

T
2,z+1+ (1+ ϵ−1

5 )T (2)
z+1.

P⃗z+1|z+1 Σz+1|z+1 Kz+1View   and   as functions with respect to  , which have the following expressions:

P⃗z+1|z+1(Kz+1) = (1+ ϵ1)(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T +Kz+1Lz+1KT
z+1

− (I−Kz+1Ez+1)Hz+1KT
z+1−Kz+1HT

z+1(I−Kz+1Ez+1)T ,

Σz+1|z+1(Kz+1) = (1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)(I−Kz+1Ez+1)P⃗z+1|z(I−Kz+1Ez+1)T

+Kz+1Fz+1KT
z+1.

K(1)
z+1 K(2)

z+1Then, define matrices   and   as follows:
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K(1)
z+1 =

[
(1+ ϵ1)P⃗z+1|zET

z+1+Hz+1
](

(1+ ϵ1)Ez+1P⃗z+1|zET
z+1|z+Lz+1

+Ez+1Hz+1+HT
z+1ET

z+1

)−1
,

K(2)
z+1 =(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)P⃗z+1|zET

z+1

(
(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)Ez+1P⃗z+1|zET

z+1+Fz+1
)−1
.

Σz+1|z+1(K(2)
z+1)In this case,   can be expressed as

Σz+1|z+1(K(2)
z+1) =(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)P⃗z+1|z− (1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)2P⃗z+1|zET

z+1

×
(
(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)Ez+1P⃗z+1|zET

z+1+Fz+1
)−1Ez+1P⃗z+1|z. (59)

Kz+1Based on the theory of matrices, when the gain parameter   is presented in (39), one has from (53), (58) and (59)
that

P⃗z+1|z+1≤tr(P⃗z+1|z+1(K(1)
z+1))I

≤tr(P⃗z+1|z+1(K(2)
z+1))I≤tr(Σz+1|z+1(K(2)

z+1))I
≤(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)tr(Σz+1|z)I. (60)

z = 1 z = 1
In the subsequent discussion, we establish the proof for assertion (52) by induction. The initial step is dedicated

to demonstrating the validity of (52) for  . By setting  , we derive from Assumption 3 and (60) that

P⃗1|1≤(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)tr(Σ1|0)I

≤(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)
[
(1+ ϵ2)āη0+ (1+ ϵ−1

2 )b̄q̄+ m̄
o∑

i=1

π̄iγ̄i
]
I

=β1η0I+β2I = η1I.

P⃗z|z≤ηzI z ∈ {0,1,2, ...,z0}
z = z0+1
Furthermore,  we  assume that   holds  for  all  .  The  identical  assertion  can  be  deduced  for

 as follows:

P⃗z0+1|z0+1≤(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)tr(Σz0+1|z0
)I

≤(1+ ϵ1+ ϵ3+ ϵ4+ ϵ5)
[
(1+ ϵ2)āηz0

+ (1+ ϵ−1
2 )b̄q̄+ m̄

o∑
i=1

π̄iγ̄i
]
I

=β1ηz0
I+β2I = β1(λz0

η0+

z0−1∑
i=0

λiβ2)I+β2I

=λz0+1η0I+
z0∑

i=0

λiβ2I = ηz0+1I.

Based on the inductive method, the proof of this theorem is completed. □

5. Numerical Examples

In  this  section,  two  simulation  examples  are  provided  to  validate  the  effectiveness  and  practicability  of  the
designed filtering algorithm.
Example 1. Considering the following discrete time-varying system:

xz+1 = Azxz+Bzωz+ f (xz, ξz),
yz =Czxz+Dzvz,

ωz =
←
uz+2+

←
uz+1,

vz =
←
uz+1+

←
uz,

xz = [x(1)
z x(2)

z x(3)
z ]T

←
uz = [

←
u

(1)

z
←
u

(2)

z ]T ←
u

(1)

z
←
u

(2)

z 5×10−1 4×10−1where  ,    with    and    being    and    times  of  the  unit
Gaussian white noise respectively,

Az =

0.95+ sin(z) 0 −0.5sin(z)
0.21 0.97+ sin(z) −0.5sin(z)
0.22 0 0.97+ sin(2z)

 , Bz =

 0 0.3
0.4 0
0.5 0

 ,
Cz =

ï
0.65 −0.5 −0.2
−0.2 0.4 1+ cos(z)

ò
, Dz =

ï
0 1
0 1+ cos(z)

ò
.
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f (xz, ξz)The stochastic nonlinear function   has the following expression:

f (xz, ξz) = [0.1 0.15 0.2]T [0.1sign(x(1)
z )x(1)

z ξ
(1)
z +0.2sign(x(2)

z )x(2)
z ξ

(2)
z +0.3sign(x(3)

z )x(3)
z ξ

(3)
z ]

ξz I ξ(i)
z i = 1,2,3 i ξz

x̄0 = [1 0.5 0.1]T P0 = 4I
where   is a zero mean Gaussian white noise with variance  , and   ( ) represents the  -th element of  .
Moreover, the initial conditions are chosen as   and  .

az = 1For  the  communication  channel,  we  set  the  amplification  factor  as  ,  and  the  channel  parameters  are
configured as follows:

C1,z =

ï
0.35 0

0 0.5

ò
, C2,z =

ï
0.6 0
0 0.4

ò
.

p1,z, p2,zThe probability distributions of the transmission power   are described as follows:

P(p1,z = 1) = 0.1, P(p1,z = 1.5) = 0.6, P(p1,z = 2) = 0.3,
P(p2,z = 1) = 0.2, P(p2,z = 1.5) = 0.5, P(p2,z = 2) = 0.3.

v1,z v2,zVariances of the channel noises   and   are selected as

T (1)
s = T (1)

s,t =

ï
0.03 0

0 0.04

ò
, T (2)

s = T (2)
s,t =

ï
0.03 0

0 0.04

ò
s t ∈ Nfor all  ,  .
The probability distributions of energy harvesting for the sensor and relay node are given as follows:

P(
←
z j,z = 0) = 0.2, P(

←
z j,z = 1) = 0.6, P(

←
z j,z = 2) = 0.2 ( j = 1,2).

h1,0 = h2,0 = 1, S̄ 1 = S̄ 2 = 3 ϵ1 = 0.5The other parameters are selected as   and  .

x(i)
z

x̂(i)
z|z

The corresponding simulation results are shown in Figures 1–6. Specifically, Figure 1 shows the evolution of
the energy stored in the sensor and the relay node. Figures 2–4 present the trajectories of the system state   and its
estimation  . It can be seen from Figures 2–4 that the filtering algorithm proposed in this paper performs quite well.
  

0

1

2

3

4

5
Sensor

0 10 20 30 40 50

Time step/z

Time step/z

60 70 80 90 100
0

1

2

3

4

5
Relay

0 10 20 30 40 50 60 70 80 90 100

Figure 1.  Evolution of the energy levels of the sensor and the relay node.
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z|zFigure 2.  Evolution of   and its estimation  .
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^
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z|zFigure 3.  Evolution of   and its estimation  .
  

−10
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x
(3)
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z|zFigure 4.  Evolution of   and its estimation  .
  

0

20

40

60

80

100

140

120

0 20 40

Time step/z

60 80 100

α1=0.6
α1=0.8
α1=1.0

P⃗z+1|z+1 α1Figure 5.  Trajectories of the trace of   under different values of  .
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0

50

100

150

0 20 40

Time step/z

60 80 100

α2=0.6
α2=0.8
α2=1.0

P⃗z+1|z+1 α2Figure 6.  Trajectories of the trace of   under different values of  .
 

α1 :=
∑3

m=0(
←
z 1,z = m)z̄(m)

1 α2 :=
∑3

m=0(
←
z 2,z = m)z̄(m)

2

z α1 = 0.6,0.8 1
P⃗z+1|z+1

Pz+1|z+1 P⃗z+1|z+1 α2

α1 α2

To  analyze  the  impact  of  the  energy  harvesting  scheme  on  the  filtering  performance,  we  denote
  and  ,  which  represent  respectively  the  mean  energy  units

collected by the sensor  and the relay node at  time instant  .  We reset   and   while  remaining all  the
other  parameters.  In  this  case,  Figure  5  displays  the  trace  of  the  minimum  upper  bound    for  the  second
moment matrix   of the filtering error. Additionally, Figure 6 plots the trace trajectories of   when   is
set  to  0.6,  0.8  and  1,  while  keeping  all  the  other  parameters  invariant.  From  Figures  5–6,  we  confirm  the
monotonicity of the filtering performance with regard to   and  .
Example  2.  In  order  to  validate  the  applicability  of  the  filtering  algorithm  proposed  in  this  paper  for  practical
systems, we examine a network-based testbed consisting of a plant (DC servo system) and a remote controller [37].
After discretization, the corresponding system parameters can be obtained:

A =

1.12 0.213 −0.333
1 0 0
0 1 0

 , B =

0.8
0
0

 , Cz =

ï
1 0 0
0 1 0

ò
, Dz =

ï
0

0.8

ò
.

←
uz 5×10−1

v1,z v2,z 0.025I x̄0 = [0.1 0.2 1]T

P0 = 10I

In this simulation, we set   as   times of the unit Gaussian white noise, and variances of the channel
noises   and   are both determined as  .  In addition,  the initial  condition is  chosen as 
and  .  In  view  of  the  presence  of  unmodeled  dynamics  and  environmental  perturbations,  we  consider  the
following time-varying system parameters:

Az = A+ sin(10/z)×

 −0.1 0 0
−0.01 0.01 0

0 0 0

 , Bz = B+ sin(10/z)×

0.01
0.01

0

 .
Selection of the other parameters remains consistent with Example 1.

Based on the provided parameters, the simulation results are depicted in Figures 7–9 that present the trajectories
of the system state and its estimation, which further demonstrate the practicability of our filtering algorithm.
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z|zFigure 7.  Evolution of   and its estimation  .
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6. Conclusion

This  paper  has  tackled  the  filtering  problem  for  systems  with  stochastic  nonlinearity,  relay  communication,
energy harvesting and correlated noises, where the signal has been received by the relay node and then amplified and
forwarded to the filter. The operational energy of the sensor and the relay node is supplied by the energy harvesting
techniques.  An  upper  bound  for  the  second  moment  matrix  of  the  estimation  error  has  been  constructed  by
mathematical  induction,  which  has  been  locally  minimized  by  an  appropriately  designed  filter.  In  addition,
boundedness of this upper bound has been analyzed so as to reflect the filtering performance. Simulation results have
been presented to validate the efficiency and practicality of the filtering algorithm.
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