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Abstract: This paper investigates the robust H., estimation problem for a class of 2D FMLSS systems
under asynchronous multi-channel delays. We overcame the substantial challenges caused by incomplete
information due to external random perturbation and multi-channel delay. First, by employing partition
reconstruction approach, the original delayed systems is transformed into an equivalent multi-channel
observation delay-free systems. Then, by making two modifications to the quadratic performance function,
an equivalence relation is established between the design of the H., filter and a minimization problem of
an indefinite quadratic form. i) the first modification involves adding a random perturbation matrix term
to the quadratic performance function, ensuring that the perturbation is simultaneously considered when
the original system is dualized in line with the quadratic performance function; ii) the second modification
replaces the initial observation and noise sequences in the quadratic performance function with
reconstructed observation and noise sequences. This ensures the completeness of information in the
estimation algorithm during real-time recursive computation. Then, an N-step robust H., filter is designed
in the 2D Krein space stochastic system, and the necessary and sufficient conditions for its existence are
provided. Finally, the effectiveness of the proposed recursive filtering algorithm is verified through a
numerical example.

Keywords: robust H,, estimation; 2D FMLSS system; multi-channel delay; Krein space stochastic
system

1. Introduction

As modern industrialization progresses, the demand for multivariate analysis has been increasingly growing.
Two-dimensional (2D) systems have drawn widespread attention due to their propagation along two independent
directions, with bidirectional propagation being a significant feature that distinguishes them from classical
one-dimensional (1D) systems. The inherent complexity and richness of 2D systems have presented challenging and
novel problems for control theory and its applications. Up to now, substantial work has been conducted in areas such
as system stabilization, estimation and fault diagnosis, and controller design within the 2D framework, as referenced
in [1-10].

State estimation, with its widespread applications in fields such as image processing [1 1], surface analysis [12],
environmental monitoring [13], and biomedical signal processing [ 14], has become a research topic of high interest in
both the academic and industrial communities. To date, a series of efficient estimation approach have been developed
for different types of noise environments [15—21]. The introduction of these approach is based on a deep understanding
of the noise characteristics in specific application scenarios, aimed at enhancing the accuracy and reliability of state
estimation, thereby optimizing system performance and improving system robustness.

In practical engineering applications, systems often operate within complex and variable environments. These
environmental factors include, but are not limited to, uncertainty in parameter, external perturbation, and internal
dynamic change. Such uncertainty and perturbation pose significant challenges to system control/estimation. Especially
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in engineering design, obtaining an accurate mathematical model of the system is difficult, leading to a situation
where existing models cannot perfectly reflect the actual behavior of the system. Against this backdrop, the H., state
estimation strategy becomes particularly important. H, state estimation achieves robust resistance to
uncertainty and external perturbation by optimizing the performance indicator in the worst-case scenario during the
estimation process. This means that even when the system model is not fully clear or is subjected to unknown
perturbation, the H. approach can ensure that the performance of the estimator meets predefined robustness
standards.

Review recent research related to H,. estimation. Ref. [22] have investigated the design problem of
asynchronous deconvolution filter for a class of 2D Markov jump systems with random packet dropout. The
asynchronous phenomenon between system modes and filter modes has been described using a hidden Markov
model. An asynchronous 2D deconvolution filter has been designed, taking into account the random packet dropout
phenomenon that may be caused by limited bandwidth. An improved 2D single exponential smoothing scheme has
been proposed to generate predictions for the missing information and perform compensation. Furthermore, based on
2D Lyapunov stability theory, sufficient conditions have been derived for the system to achieve asymptotic mean
square stability and satisfy H,, disturbance attenuation performance. Ref. [23] have investigated the dissipative
deconvolution filtering problem for a class of 2D digital systems. Initially, in a 2D setting, they have developed a new
multinode round-robin protocol to reduce communication overhead and proposed a new compensation strategy to
enhance the performance of the deconvolution filter. Subsequently, by using coupled matrix inequalities, they have
established sufficient conditions to ensure the dissipativity of the deconvolution filter. Furthermore, they have
designed filter gains with certain optimized performance using the particle swarm optimization algorithm. Ref. [24]
have investigated the robust H,, fault estimation problem for a class of 2D uncertain systems with norm-bounded
unknown input and measurement noise. Initially, by introducing an equivalent auxiliary system and a new indefinite
quadratic performance function, they transformed the design of the fault estimator into a quadratic minimization
problem. Subsequently, by utilizing the projection theorem and 2D Riccati-like difference equation, they have
provided explicit conditions for the existence and determination of the fault estimate.

It is noteworthy that most of the existing results [5, 2527, 28] in H,, estimation problem are presented using
Linear Matrix Inequality (LMI). However, LMI techniques can only provide implicit results with a high degree of
conservatism. The Krein space approach [29, 30] can provide explicit solutions in a recursive form. Unlike the
conventional Hilbert space, Krein space is a special type of linear indefinite metric space, where the inner product can
be positive definite, negative definite, or indefinite. This allows the design of H., filter to be transformed into
minimization problem of certain indefinite quadratic form, which can then be solved by deriving extend Kalman filter
in Krein space using the projection theorem. Ref. [24, 31] have been the first to extend the application of the Krein
space approach to 2D H., estimation.

As control systems increasingly depend on complex network environments, various network-induced phenomena,
such as network delay, packet loss, communication uncertainty, and information quantization, have become an
unavoidable challenge. This paper considers the scenario where both random perturbation and asynchronous
multi-channel delays result in incomplete information. For the first time in 2D systems, by appropriately modifying
the quadratic performance function, the design of the robust H,, filter is transformed into a minimization problem of
a certain indefinite quadratic form. This approach circumvents the high complexity associated with state
augmentation approach and the strong conservatism of LMI technique.

Motivated by the discussions above, this paper aims to explore the H,, estimation problem for a class of 2D
uncertain systems, in the presence of random perturbations and asynchronous multi-channel delays. The three pressing
challenges to be addressed are as follows:

1) How can random perturbations be reflected in the dual stochastic system in Krein space through a given
quadratic performance function?

2) How to exploit incomplete multi-channel delay information?

3) How to provide the necessary and sufficient conditions for the existence of a robust filter and present an
explicit recursive estimation framework? In response to these challenges, the main contributions of this paper are
summarized as follows:

1) A modified quadratic performance function considering random perturbation matrix terms is given.

2) An equivalent multi-channel delay-free observation systems are established by using the partition
reconstruction approach.

3) A further improved quadratic performance function based on reconstructed observation and noise sequence is
given.

4) A novel recursive estimation framework is developed for the concerned dual stochastic system in Krein
space.
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A comparative analysis between our work and existing works is provided in Table 1.
Table1 Comparisons between our work and existing works

Work 2D system H,, filtering Uncertain Delay
[8] N N x x
[71 v X v X
[17] v v X +/(unidirectional)
[26] v vV X X
This paper v v v +/(directional,asynchronous)

The remainder of this paper is organized as follows. Section 2 presents the system description and the H.,
estimation problem to be solved. In Section 3, gives the details of multi-channel delay partition reconstruction and
initial system duality. Section 4 designs a robust H., filter and the necessary and sufficient conditions for its existence.
Section 5 provides a numerical example to validate the efficacy of the proposed recursive estimation algorithm.
Finally, Section 6 concludes the paper.

Notations: The notation used here is normative. R" is the n-dimensional real Euclidean space and
L([0,V],[0,V];R") is the space of square summable vector sequences on [0, V]Xx[0,V] with values on R". I
indicates the identity matrix and 0 denotes the zero matrix with suitable dimensions. A~' and AT stand, respectively,
the inverse and transpose of A. For real matrices A and B, A > B (A < B) infers that A— B > 0 (A — B < 0) means
A—B is positive (negative) definite. £{-} represent mathematical expectation operator. [a,b] represents the set
[a,a+1,---,b] for a<<b. col,<.<,{a.} represents a column vector with a;,d,, -+ ,a, as an element. {a,b) is the

inner product of vector a and b. |lall is the [,-norm with weight matrix A (i.e. ||lall3 = a"Aa). Elements in the
Euclidean space and Krein space are written by regular letters and boldface letters, respectively.

2. Problem Formulation

2.1. System Description
The plant under consideration is a linear shift-varying 2D FMLSS system of the form

_ 1 Al
Xit1,j+1 = (A,‘+1,j +A,'+1,j)xi+l,j

2 2
+ (A H AL )X

M

1 2
+Biyy jWivr,j + B Wi
%ij = LijXij

for a finite horizon N = {(i, ))I0<<i<<V,0<- j<<V} with V is given positive integer, x;; € R"™ and z;; € R™
represent the system state and the signal to be estimated. w; ; € [,([0, V], [0, V]; R"™) represents the system noise.

Remark 1: In control systems, finite-horizon filtering offers distinct practical advantages over infinite-horizon
filtering. Specifically, when dealing with transient disturbances (such as intermittent sensor failures), the infinite-horizon
approach tends to distribute error accumulation across the entire historical dataset, leading to persistent deviations in
system state estimation. In contrast, the finite-horizon approach optimizes the performance function within a finite
temporal window, thereby minimizing the maximum filtering error within that window. This mechanism ensures
reliable filtering even in the presence of instantaneous high-intensity disturbances (such as electromagnetic pulse
interference), significantly enhancing system robustness in dynamically perturbed environments.

In a network environment, multi-source observation systems are considered an effective means to improve
system reliability. Due to the limitations of network resources, capacity, and service capabilities, the actual observation
often experiences delays during channel transmission. This multi-channel asynchronous delay is typically described as

() (s) 4(s)
Vij = (Cicg, jor, + Cig, jor Mg,
2

(s)
TVig, -,

where yEf} € R™(s € [1,N]) represent the observations received from the s-th sensor with N is the number of sensor.
vEfj) € L,([0,V],[0,V]; R™) represents the observation noise. ¢, and 7, are the communication delays in horizontal
and vertical coordinates, respectively. A7 i B] »C ,@j-), and T ; are known shift-varying matrices of suitable dimensions.
Al(7€(1,2]) and C?") represent random perturbation matrices.

Assumption 1: The communication delays ¢, and 7, being a strictly increasingorder: 0 = ¢; = 7| < ;<1 < -++ <
SNSTy.

Assumption 2: The initial condition of (1) for the considered finite horizon N represent xo = [x{ 5, X .-+ , X7,
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xg1st+ Xy 1T and [1x|| < oo.

Remark 2: In complex network environments, the routes that information takes may vary due to network
configurations and decisions made by dynamic routing algorithm. The differences in the length and transmission rates
of various routes, as well as the time differences in processing and forwarding data packets by intermediate nodes
(such as routers and switches), can cause communication delays in multi-channel transmission. In particular, when the
multi-channel delay in horizontal and vertical coordinates satisfies 0 = ¢ =7 <X¢, = 1, << --- <¢y = Ty, then the
asynchronous multi-channel delay considered in this paper regresses to the synchronous multi-channel delay caused
by same-time memory buffer queuing. Obviously, the model in (2) is general and aligns well with engineering
practice.

Assumption 3: The random perturbation matrices satisfying

(AL Gl =m0y NG LiE:

where MZ_/-,N,-(j), and E;; are known shift-varying matrices of suitable dimensions. L; ; is the unknown perturbation
item satisfying L[ L; ;<I.

Remark 3: In actual control systems, various random uncertainties that are difficult to predict or quantify
(environmental noise, component aging, parameter drift, etc.) are prevalent. These uncertainties are typically incorporated
into the system’s mathematical model in the form of random perturbation. Specifically, the dynamic behavior of a
control system (encompassing multiple state variables such as position, velocity, and temperature) is influenced by
the combined effect of dual input signals: one being the actively adjustable control input signal by the designer, and
the other being uncontrollable external random disturbances. To more accurately describe this coupled interaction
mechanism, modern control theory often adopts a modeling approach where the disturbance matrix is coupled with
the system state. This modeling method not only precisely characterizes the dynamic dependence of the system state
on external disturbances but also faithfully reflects the intrinsic nature of the real-time response, where control inputs
and random disturbances interact with each other.

2.2. Original Observation with Asynchronous Delays Description
A set of observations received on different channels at the same horizon are provided as follows. Let Y},
represent the original observation with asynchronous delay at the (/, k) horizon. For clarity, define the following set
M ={blsi<I< 6, Ta<k< ),
1 =Rl sI<o,msk <},
M] = LRSI 1<k <1},

Mo = LRIy <I < gy, Ty <k< j},
v =L Bleva U< oy, Tvo1 <k < Ty},
v = LRIy SI<ityo Sk <1y),
M = LRIy SI<i, Ty <k<j},
M= MTUMUM (s €[N =1]), My = M,

The original observation with asynchronous delays and the corresponding original observation noise V', can be
describe as

9T
V=[0I - o] ©)
A S T
Lk = [(Vﬁ)g, k=T, )T e (Vi—)g\,k—r‘.)-r] (4)
where s € {1,---,N} for (l,k) € {M,---, My}. It can be seen from the obtained original observation sequence, due

to the influence of multi-channel delays, the observation information received by each channel within the same horizon
is incomplete and reflects different state information.

2.3. H,, Performance Index

In accordance with the original observation sequence with asynchronous delays {));|(1,k) € N} and the original
observation noise sequence {V;,|(/,k) € N'}, the H,, estimation problem under a given scalar y > 0 is stated as:

X
2
SUP (w1, Vi )#0 z <y %)
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where X =" e 1k — 2l and 2 = ||x0||12,,5, +D tben {||W1.k||12g[£ + ||V;fk||(2gzk)4 }. 2,4 represent the estimation of
Zik- Po, Ry, and Q7 are given positive definite symmetric matrix which reflect the relative uncertainty of the initial
state, input noise, and observation noise.

Denote quadratic performance function,

1
Jn (X0, Vi) = Z - ?X-

For the sake of simplicity, it is abbreviated as J,-. We can easy to know that the inequality (5) holds if and only if
Jy > 0. Taking full account of system (1) uncertainty, J, is modified to Jy

J_NZJN’+AJN’ (6)

where AJx =3 pen {ILikErixiel® = |Eexil? } . In light of the unknown perturbation matrix L(,k) property, it
is obvious that Jx=J and Jyr = Julg, -0, so the verification condition of (5) can be modified to verify Jy > 0.
Define the minima of J and J as J;, and Jj., we can easily find that J5,=J3 and Ji = Ji|g,-o. Thereby,
taking full consideration of asynchronous observation delays and system uncertainty, the key to the H,, estimation
problem considered in this paper is to obtain J},.

Remark 4: As well known that systems often undergo the influence of uncertainty [ 7], such as random perturbation,
and improper handling of these can degrade the estimation performance of the system. Concerning the random
perturbation model proposed in Assumption 3, references [5, 20] have employed the state augmentation method.
However, to reduce system complexity and ensure robustness, this paper takes a different approach by modifying
the quadratic performance function in light of a thorough consideration of random perturbation, to achieve an
equivalent dualization of the original system according to the modified quadratic performance function.

3. Preliminaries

3.1. Reconstruction of Observation with Asynchronous Delays

To estimate z; ; by taking full advantage of all observations received on different channels, the observations will
be partition reconstructed as follows. For the convenience of discussion, we consider the case of {(i, j)|0<<
iS¢y, 0< j<ty} CN.Denote iy = i —gy_y, js = j— Tn_s(s € [1,N]) and define the following sets

N = {(LRI0<I<i;,0<k<j;},

Ny =L DI0<I<iy, ji <k<ja},

Ny ={(LK)i) < I<ia, ji <k<j»},
o =R < I<ip, 0k<<j,},

v = {@BIOSISiy-y, jy-1 <k<jn),
sz/ ={(L,Din=1 <<y, juo1 <k< iy,
Ny = B)lin-y < [<iy, 0Sk< jy_),

Ny =N? N, =N UNZUNI (s €[2,N)).

The original observation with asynchronous delays can be reconstructed as follows:
o)

yl+§| k+T)
y(2)
yik — [+§Z.,k+‘rz (7)
(5) .
1+6 k+7,
where s € {1,---,N} for (I,k) € {Ny, -+, N{}.
It is easy to see from (1) that y,(I, k) satisfy
Vi = (CZ,( + C’Zk)x,,k + Vi ®)

s X (7 s : s
where C},, = coly<y=,(C2), C}; = coli<y=,(Ci7) = Ny LixE1i. Nij, = coli << (N7), and v}, = colj <=, (v}7).
In line with the reconstructed observation noise sequence, J;; can be further modified as
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Ju =T +Ay €

where J =2 - %/? and X = ||X0||1205| +D uben {||W(l,k)||12g;k1 + ”Vls;k”%Q),k)"}' Define the minima of J; as J;;. In
fact, (6) and (9) are equivalent, as we will prove later.

The following lemma will show that the reconstructed observation sequence have the same information as the
original observation sequence with asynchronous delays.

Lemma 1: The linear space spanned by the reconstructed observation sequences and the linear space spanned by
the original observation sequences with asynchronous delays are equivalent, i.e.

L{ k) € Mk g 10 k) € Naks -+ 5yl k) € Nv)}
= L{UVLIEK) € Mo {YLIALK) € Mo (VI k) € My}

Proof: See Appendix A. O

Remark 5: The new observation sequence {{y}|(,k) € N};--- ;{y . |(L,k) € Ny}} is named as the reconstructed
observation sequence of {y,{k|(l, kye My;---{ y,é,’(|(z, k) € My}}. It can be proven in a similar way that the original
observation noise sequence {V,fkl(l, k)e My;--- ;{V,Iil(l, k) e My}} and the reconstructed observation noise
sequence {{vﬁ’kl(l, k)ye Ni};--- ;{vl',kl(l, k) € Ny}} contain the same information, due to space limitations, detail
description will not be given here. Hence, J; and Jy; are equivalent (i.e. J;; = J)).

The robust H,, estimation problem of the 2D FMLSS systems (1) can be reformulated as follows.

Problem: Given the reconstructed observation sequence {{yﬁ’k|(l,k) eM);-- i y}’ J(lk) e Ny}} and scalar
v > 0, design the appropriate filter of z; ; such that:

1). the modified uncertain quadratic performance function Jx has a minimum JY. with respect to
Tou (Wial(1,K) € N'), and (N ILK) € N -+ 5 (VLK) € Niy));

2). I * g, =0 is positive.

3.2. Equivalent Transformation in Krein Space

In order to convert the H,., estimation problem into the equivalent problem in Kerin space, we introduce a
“fictitious’ observation system Z;; = T X« + Fix, Where ri; = Zix —zix. Then, fully consider the impact of system
uncertainty and asynchronous multi-channel delays, and combine the fictitious observation system to rewrite system
(1) and (2) into a compact form related to J .,

Xpt ket AL X1k F Al Xgert
+ Bl Wi+ Bl Wik (10)
e =Crpxie + Dy
where s € {1,---,N} for (1,k) € {Ny, -+, N} and
Bll,k = [Bll,k Mll,k]’ Blz,k = [Blz,k Ml%k]

Crie=LCL)" E TS
I N 00
D=0 0 10
0 0 0

Wi =W LB 1 5 =100" 0 2,17

U= 100" (LixEpx)’  (“Epx)’ '

In view of (10), 7 can be appropriately reformulated as a compact quadratic form,

- 1
— 2 2
=||x||5- — Epxpyll-— =&

T =l =37, o Wl =

2
+3 .
(BN {”Wl,k”[ekk'

{ LikErpXix }
Vls’k + Nf,kLl,kEl,kxl,k

2
+

(11)
(A{A)'}

_ 2
2 Z Wik
=|[x|p-1 + =
el (LK)eN H {D;’kvl‘,J

(C/
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where
A = 1 (N} }
N O+ N NET
o | Ru SiuDLT }
DS OT D057
_ [Ry 0] <, [00 00
Ru=[¢ 1}’ Sik:[o I 0 0}
'Qik 0 0 0
~_|0 1 0 o0
Qu=10 0 -1 o0
L0 0 0 —

Below, the w4, v}, and ¥;, in each area are collected in the same order, denote

War =COHWo 0, , Wi, jism s Wo ju 1" s Wiy}

M N’N

- _ —N - =1 =1
Vs —C01{V0,0" .. ’Vl},jl’“. ’vo,jN,1+1’.“ v }

insJn

N, Ny
I =C0UT00s s Vit o+ s T v 5 Vi)
Ny Ny
RN =diag{l_€010,m ’Ri.,j,"" 7R0,j,\,,.+la"' ’Ri,v,j,v)}
N, Ny
Dy =diag{Dy,--, D} ; ,-++, D, -,D! )

i,J1° 0.jn-1+1> """ iy jy

N, Ny
On =diag{Q_6V,o,"' ’le,j,,”‘ ) Q_é,jN,.Jrl"" ’QilN,jN}
N N
SN:diag{gé\fo’...jN ”"S(l),j,v_.ﬂ""’g'l }

iji? insJn

N N

wherei=j=1V. Jx can be reformulated as

(12)

Inv = War

I
Dpon

6!

and

Py 0 0
O=({0 Ry SxD},
0 DuS), DnxOnxD)
As far, the purpose of the above derivation is to explicitly appear the reconstructed observation in the modified
quadratic performance function 7. The following lemma is given to further advance the realization of this purpose.
Lemma 2: Consider the systems (10), for xo, W, 77, and ¥, there exist operators ko, ks, and k; = Dy, s.t.

Y ZkQ)Co+kaN+kl-,l_)N. (13)

Proof: Within each partition, the reconstructed observation y; can be expressed as a linear combination of
Xo,w, and ;. The proof resembles that in [24], due to space limitations, it is unmentioned. By stacking all the
reconstructed observations together, we can prove this lemma. 0O

On account of (13), it is easy to obtain a nondegenerate transformation

X0 X0
wa | =11 _WN (14)
In Dprvar

where
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I 0 0
nm={0 1 0
ko ks 1

IT is a lower triangular matrix and the determinant is not equal to 0. The modified quadratic performance function
J can obtain an equivalent transformation

X0 2
In = H War
YN

(15)

!

where IT and @ are congruence matrix regarding IT (i.e. [T = TIOII"). As far, the optimization problem of H.,
performance index can be equivalently transformed into the H, estimation problem of stochastic systems in krein
space.

Introduce the following stochastic systems in krein space,

Xi+1,k+1 =A11+1,sz+1,k +A12,k+1X1,k+1
+B11+1,kv_vl+l,k+Blz,k+1wl,k+l (16)
Yik zcikxl.,k + Dzs,k‘_’ik

where s € {1,---,N} for (L,k) € {Ny,---,N1}. The system matrix parameters here are the same as (10), xo, W;;, and
¥, are zero-mean white noises sequence in Krein space, set £;x = col{xo, Wy, ¥}, }, for any (1,k),(r,t) e N,

Py 0 0

Gl = 10 Ry S} | 61,0k
0 S;" O

Assume that W, ¥, ¥ o is arranged in the form of War, Var, o to collect Wiz, V7, ¥7 ., one has

Xo Xo
< Warl, [Wa >=r’1 (17)
v v
.
X0 X0 Xy |\ -1 [ Xo
In = |Wn War | |War > War| - (18)
v NN v Y

Remark 6: 1t is imperative to underscore that a meticulous analysis of (7), (16), and (17) can significantly elucidate
the complex challenges that asynchronous multi-channel delays present to the problem of H., estimation. This paper
aims to comprehensively utilize all information received through different channels to meet the H,. quadratic
performance index and achieve efficient estimation of z;,. However, due to the observations in the channel is affected
by asynchronous delay. 7~ cannot be reduced to a compact form, and all received observations cannot be effectively
utilized to estimate z;;. By partitioning and reconstructing the observations, the study has fundamentally overcome
the presented challenges. With the incorporation of a stochastic systems (16), the objective of this paper is to design
appropriate filter within each partition and to derive sufficient conditions that meet criteria Problem 1) and Problem 2).

4. Main Results

4.1. The Estimate of X,

Before proceeding Problem 1) and Problem 2) further, let us first give an estimate of x,;, which is necessary to
derive the following main results.

According to the reconstruction partition of the observations, a N -step estimator of x; is proposed as follows,

Step 1 : For (1,k) e NV},

Al-

4l & 2 sl
X =Apo X FAL Kk (19a)

ol _gol- 1 (sN _ AN gl-
R, =Ry + Ky (90— Cikir) (19b)
where %) is the one-step prediction of X, &j, is the corresponding updated estimate with the initial conditions
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ﬁ[],() = XI,O and ﬁ(])k = XO,k~
Step 2 : For (L,k) e N3,

82— _ Al & 2 &2
X =Apo X FAL XLk (20a)
&2 a2 2 (=N-1_ AN-1g2-
X =X + Ky <YI,k -C Xy ) (20b)

where &7; is the one-step prediction of X, X7, is the corresponding updated estimate with the initial conditions
)’212,0 = X[’O(l.l + 1<l<12)’ilz»/| = ﬁll,j; (Oglgll) and )’Z(z),k = XO,k(jl + l<k<]2),i,2hk = )'lehk(Oékg]l)
Step N : For (1,k) € Ny,

oN— _ Al & 2 N
X =ApXo TALLX (21a)
oN _aN- N (sl Al gN-

X =Xy + K (yl,k —CuXy ) (21b)

where &7 is the one-step prediction of x;;, &)}, is the corresponding updated estimate with the initial conditions
A . . A A ,] . A . . A A ,1 .
X;YO = XI,O(ZN—I +1 glglN),Xﬁleil = X;Yj,\r,|(0<l<l1v—l) and X{)V,k = XO,k(]N—l +1 <k<]N),Xfxmk :Xg,l, (ngg.]N—l)

In (19)~(21), the K}, K7, -+, K]} are the estimation gains to be determined.
To facilitate subsequent analysis, define and the one-step prediction error and the estimation error as,

Si—- _ -1 ol
ik = Xtk = Xjpo Xy = Xk = X

and the innovation,

1 =t S 1-1)—
G =Y~ Cl,kxg,}l\cH ) 22)
= é;,kig,[l\clﬂﬂ)i + D;,kv;,k'
Then, by combining (16) and (19)—(21), one has
Step 1 : For (L,k) € N},
&' (Lk) :All,k—lil,k—l +A12—1,kill—1,k (23a)
+ B/l,kqv_vl,k—l + B/271,kwl—l,k
il,k =(/- Kzl,kcﬁlk)ill,; - Kll,k[)?/kvﬁlk (23b)
Step 2 : For (L,k) € N3,
’212,; :All,k—lil,k—l +A12—1,ki12—1,k (24a)
+ B Wi + B Wik
%, =(I = K} Clic D% — KDy vy (24b)
Step N : For (1,k) € Ny,
ix; =All,k—1il,k—1 + Alz—l,kiﬁl,k (25a)
+ B},k_lv_"l,k—l + 312_1,k"_vl—l,k
X)) = - K} C LX) — KD}V, (25a)

The following lemma details that the proposed N -step estimator (19)—(21) can achieve an unbiased estimate of
Xk

Lemma 3: For the stochastic systems (16), the proposed N -step estimator of the form (19)—(21) are unbiased.

Proof: To prove the unbiasedness of the proposed estimator, we need to prove that (23)—(25) are zero-mean
variable. Prove it separately in each partition, the proof resembles that in [32], it is unmentioned. O

To facilitate subsequent discussions, define

P2 ERGEDT (26)
P, 2 &K, (X )" (27)
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The following lemma gives the recursive evolution of one-step prediction error covariance and estimation error
covariance.

Lemma 4: For the stochastic systems (16), the one-step prediction error covariance Pj; and estimation error
covariance P;; are the solution of the following Riccati-like equations,

Step 1 : For (L,k) e Ny,

PII,I: =All,k—lPll,k—l (All,k—l )’ +A12—1,kP11—I,k(A12—l,k)T
+ Bll,k—ll_elsk—l (Bll,k—l )+ Blz—l,kRI—l,k(Bzz—l,k)T
+ AL ERy R )AL T

+ Alz—l,kg{ill—l,k(ill,k—l )T}(All,k—l )"

(28a)

- _ VAT
P[l,k = (I - Kll,kcxc)Pll,k (] - K,{kC,{i) (28b)
+ Kll,kbﬁlk _ﬁlk(Dﬁ)T(Kzl,k)T
with the initial conditions P}, = P,y and Pj, = Py.
Step 2 : For (L,k) € N3,

PIZ,Z :All,k—IPlz,k—l (All,k—l )’ +A12—1,kP12—I,k(A12—1,k)T
+ Bll,k—ll_el,k—l (Bll,k—l )+ Blz—l,kRZ*I,k(Blz—l,k)T
+ All,k—l g{ilz,k—l (il—l,k)T}(Alz—l,k)T

+A12—1,k5{i12—l,k X1 )T}(All,k—l)T

(29a)

P =(I-K.CN P (I- KGN )T

2 AN-1 AN-1 AN-INT 2T (29b)
+Kl,kD[,k Q (l7k)(D[’k Kz(l,k)

with the initial conditions Pj, = Pio(i; + 1<I<i»),P}, =P|; (0<I<i;) and P§, =Po,(ji + 1<k<}p). P}, =
P}hk(nggj]).

Step N : For (1,k) € Ny,

- T T
P?/k =All,k—1 PZ{—] (All,k—l) + Alz—l,kPﬁl,k(Alz—l,k)
+ Bll,k—ll_e/,kfl(éll,k—l)-r + Blz—l,le*I,k(Blz—l,k)T

o (30a)
+All,k—15{xﬁlk—1 Xl—l,k)T}(Alz—l,k)T
+A12—I,k5{iﬁ1,k il,k—l)T}(All,k—l )’
- _ AT
Py =(I-K,.CN PN (I-KNCly) (30b)

+ Kl]chl],kQ_ll,k(Dll,k)T(Kl}i)T

with the initial conditions P}, = Pyo(iy_ + 1<I<iy),P); = P;f’jfwfl(0<l<iN_1) and P, = Poy(jy-1 + 1<Sk<S jy),
Pﬁx,.,k = Pﬁ’:{k(0<k<}1\;_1)

Proof: For simplicity, only {Step 1} is verified. In terms of the statistical property of W, and v;,, iﬂ“"”" is
uncorrelated with w;; and i%“f')f is uncorrelated with v}, for every (1,k) € {(e,s)le >l or s > k}U(l,k) C M,

substituting (23b) and (23c) into (25) and (26), it is easy to know that (28a) and (28b) are hold. O

In the following theorem, through the completing squares approach the estimation gain parameters are given in
the minimum mean square sense.

Theorem 1: For the stochastic systems (16), the recursive evolution of the estimation gain parameters and minimum

estimation error covariance are given as follows:
Step 1 : For (L,k) € N},

_ - -1
Ky = PLLCYT(Q"(PL)) Gla)
Pll,k = Pll,; - K),kd,\;cpll,/:
Step 2 : For (L,k) € N3,
_ - -1
K} =P (CNMT (QN - (Pf,j)) (32a)

10 0f24


https://doi.org/10.53941/ijndi.2025.100017
https://doi.org/10.53941/ijndi.2025.100017
https://doi.org/10.53941/ijndi.2025.100017

1JNDI, 2025, 4, 100017. https:/doi.org/10.53941/ijndi.2025.100017

P =P — KLY P, (32b)
Step N : For (/,k) € Ny,
_ - -1
Ky =Py (T (2N (PY)) (33a)
P =Pl —KNCL P (33b)

where
o (Pg’z]\;ﬂ—z)—) — C;’kP%H—z)— (Cv;,k)T + D;,k Q_;k ( DZ}()T'
Proof: In view of (23), it is easy to conclude that
Py, =Py — K CuPy —Piy

X (ClOT (K" + K Q' (P ) (KLY,
by completing squares approach on the above equation, one has

- = _ T

P =P+ [Kyy =Ky ] Q' (Pyy) [Kj = Ko
— K Q' (Pr) (K07

It is straightforward to see that P, is minimized if and only if K}, = K/, (31a) is valid. The above formula can be
further expressed as,

Pll,k = Pll,; - ICII,k Ql (Pll,;) (’Czl,k)T
=Py — K, CiPy.

Thereby, the assert (3 1b) holds. Other partitions can be proved similarly. That completes the proof of this theorem. o

Remark 7: This paper uses compact technology to convert the modified quadratic performance function into a
certain equivalent minimal problem of indefinite quadratic form. Due to the observation of the Krein space stochastic
system being divided into N regions for reconstruction, an N -step recursive estimator of X, is proposed. Meanwhile,
Lemma 4 reveals that the estimation error covariance for each region is recursively computed, and the estimation
error covariance of adjacent regions provides the recursive initial value for the next region. For the H,, estimation
problem considered in this paper, the estimation scheme for x;; that we have developed offers the advantages of
being less conservative in the estimation algorithm and recursively verifiable.

Subsequently, some sufficient conditions are established to guarantee the boundedness of the minimized filtering
error covariance (i.., Pj;,2=1,2,---,N). For simplicity, we only discuss (/,k) € N . To begin with, let us make the
following assumption.

Assumption 4: For every I,k € N?,¢ € [1,2], and given positive scalars a®, b, 7 and o, the following inequalities
hold:

IAIZIISa", IBRIISBY, IRI<T.

Lemma 5: Under Assumption 1, the minimal filtering error covariance obeys the following inequality:
For (I,k) e Ny,

1 1
IPLIS D wixieactllPLoll+ D waxiia-dIPy, |
s=1 t=1 (34)

-1 k-1

+ZZX]—S—1J(3—[—1WO'

s=0 =0
where ¢, = (1 +0)@")2, ¢, = (1 + 07 ) @?)?, and @y = (bV)? + b?)2F, x(-,-) with x(0,0) = 1 can be recursively
calculated by
Xok = W1Xox-1> X10 = ¥2Xi-10
Xik =Y X1 H¥aXi-1k
Proof: Reviewing the the one-step prediction error covariance, it is easy to know that

11 0f24
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P (1 +0)@ VIl + (1 +07)(@>IPL 4l
+((B) ++bP))r.

Then, according to the minimal filtering error covariance,
(1S A ESVAY) P ERVY]) S B (35)

In the following, we would provide a rigorous mathematical induction to prove (34).

Initial Step: From (35), it is clear that (34) is true for (/,k) = (1, 1).

Inductive Step: Suppose that (4) holds for ([,k) € {(lo, ko) 1<ly<Siy, |<ko<<j;lo+ko=b} with
b€ [2,i; +j; —1]. Then, we need to check if (34) holds for (1,k) € {(ly, ko)l <Iy<<iy, 1<ky<<j;lo+ ko =b+1}.
Clearly, one has

1
lk\ lﬁl”P 1Lk— 1||+W2”P 11\”
k-1

lﬁl{zlﬁl)(z sk= 2||Pgo||+zlﬂ2Xz 1 k=1
-1 k=2

X [P, Il + Z ZXl—x—l,k—t—2w0}

s=0 =0

+‘/’2{Zl/f1/\(z s=1k= 1||P50||+Z¢’2X1 2kt

s=1
-2 k-1

I
X ||P, Il + Z ZXI—S—Z,k—t—IWO} + @y

s=0 =0
k

!
= > UiactlPlo+ Y voxi Pyl

s=1 t=1

+ Xi-s5-1k—t-1T0-

The proof is now complete. o

4.2. The Sufficient and Necessary Condition for Problem /)

On the basis of the above discussion, we will give the detailed derivation of the necessary and sufficient conditions
for Problem 1) as follows.

Theorem 2: For a given scalar y > 0, the final existence condition holds if and only if the following steps are
satisfied:

Step 1 : For (L,k) € N},

OCHP(C )T+Q,k+N YNY)T >0
Bl
@ {Tl,k Pix T 1o -1

|:Elk

ful B[P

-1 _|E
+ QN A NN ClPl {Tj’j <0

Step 2 : For (L,k) € N3,

@CN IPZ N 1 T+Q +N£;(71(Nl1j;(71 T>0
wles[] 7 2
“P T+
2 {le Mol T 0 I

|:E1k} Plzk(C;\;(1 T[Cll\;(—IPle(CN INT

T’
1 Eyl"
+ O NN DT O PR {Tﬂ <0
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Step N : For (1,k) € Ny,

OC, P (CL)T+ Q)+ N(N)T >0

T
s 5] 2
@{le Pl'k Ty * 0 _7’21

E _ -
- Bl e crenm @

-1 _|E
coermy) el [B4] <o

Jx has a minimum on xo, {wyl(1,k) € N}, and ({vY[(Lk) € Ni};- -+ 1 {v],I(1 k) € Ny}} as

jj\/’ Zl lz(lk)EN {Q]NH 1 _ "N+l -1 (36)
X<¢N+1 1 +1 1> (yN+l 1 "N+1 1)}

2 a(N+1-1)—
where 3, = C, &7

Proof: See Appendix B. o

Remark 8: In fact, Theorem 2 is essential for the estimation problems considered in this paper. Only if it can be
guaranteed that the modified uncertain quadratic performance function 7 has a minimum value with respect to
xo, {wikl(l,k) € N}, and {{v)}I(Lk) € Ni}s--- 5 (v, 1L, k) € Ny}, can a robust filter be further designed to realize that
the minimum value is positive when E;; = 0. Therefore, the verification of Theorem 2 should be given priority in the
simulation results.

4.3. The robust H., filter

Below, the design detail of the robust filter is given under the condition that problem 2) is established.
Theorem 3: For the systems (10), the 2D robust H, filter is
Step 1 : For (1,k) e NV},

2ll,k = Tl.kfczl,i + Hﬁ ()’1 k Clkxl k ) (37a)

HYY = TPl (CR)T (CNPL ()T

O (37b)
+ON+ N,’ff((N,’j()T>
with the initial conditions 2}, = z;0 and 2§, = zo.
Step 2 : For (L,k) € N3,
=Tk +Hiy () = O35 (38a)
H]1?§;1 — Tl,kPlz,k (CN INT (CN 1P2k (Cl,\;gl T
(38b)

+ Q?/k—l +N/I’\;€—1(N//’\;€—I)T)—

with the initial conditions 27, = z,0(i + 1<NI<<iy),2};, = 2, (0<I<<iy) and 25, = 204(j1 + 1Sk 2), 20, =21 4
O<k<j).

Step N : For (1,k) € Ny,

2 = Tudle + H)y (vl — CLily) (39a)

Hyy = TPy (Clp)" (Cll,kpivk_(cll,k)T

" (39b)
+ O+ NN, Il,k)T>

with the initial conditions 2;?]0 = Zl,O(iN—l + 1§I<ZN),2;YM L= 2%_1 (OglglN_l) and 23{]( = ZO,k(jN—l +1<k<

jN)aZQL,,k = 2,-,Vf,!k(0<k<jN71)~

Proof: See Appendix C. 0

Remark 9: 1t is worth noting that the robust filter (37)~(39) established is not unique as can be seen from (46),
but this paper provides a fixed form of partition recursive calculation. £ can be obtained from the estimate of x;; in
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the stochastic systems (16) (i.e. X = X7} ). Theorem 1 and Theorem 3 give the H., recursive estimation algorithm for
2D uncertain systems with multi-channel observation delays. Theorem 2 gives the necessary and sufficient conditions
to ensure that the estimation algorithm is established.

Remark 10: The core idea of this paper is to appropriately design the quadratic performance function J, and
dualize the original system to an auxiliary stochastic system in Krein space, achieving the correspondence between
the weight matrix of the /,-norm in the quadratic performance function and the covariance matrix of the stochastic
system variables in Krein space. However, due to the influence of external random disturbance and incomplete
information, the quadratic performance function J,, established solely for the H,, index does not fully reflect the
uncertainty factors of the system. This paper makes two modifications to the quadratic performance function Jy,,
respectively, for external random disturbance and the incomplete information caused by multi-channel delays. The
first modification adds a random disturbance term to the quadratic performance function, ensuring that disturbances
are considered synchronously when the original system is equivalently dualized according to the quadratic
performance function, thus avoiding variable scaling or signal enhancement. The second modification replaces the
original observation and observation noise sequences within the quadratic performance function with reconstructed
observation and observation noise sequences. This ensures that information is complete in the real-time recursive
computation of the estimation algorithm.

Remark 11: The specific algorithm operating in the A/ region is given in Algorithm 1.

Algorithm 1: The #., estimation algorithm in A/ region

Input: Initial conditions, compact partial parameters, and (¥,0» ¥ j 1+ (Vs Vi) )
Output: The signal 2/; and H., performance index J3/_

1Seti=1and j=1;

2 while i € [1,7;] and j€[l1, ] do

3 Calculate one-step prediction ﬁ,-l,;-;

4 Calculate one-step prediction error i}j;
5 Calculate one-step prediction error covariance P,'?,
6 Calculate estimation gains K,«l, ; and Hil, i
7 Update estimation signal 2,-1, IR

8 Compact parameters ifvj and T’fv is

9 Update estimation signal ﬁ,!,_,;

10 Update estimation error i,l i

11 Update estimation error covariance P,-{ i
12 Calculate Ho, performance index Jxy, ;
13 if ie[1,i;] and j= j; then

14 Seti=i+1and j=1;

15 else

16 Set j=j+1;

17 end

18 end

19 Return 2/, and T .

4.4. Computational Complexity Analysis

This section compares the computational cost (floating-point operations of the algorithm) of the traditional
augmentation approach and the partition reconstruction approach proposed in this paper.

To facilitate this, suppose that N = 2.

Note the Problem in this paper can be solved by introducing the augmentation state as (x;; € R Csimtsimitl)

a _ T T T T T
Xij = [xi,j Xietj " Xigj Xig-1 7 iy

T T T T

Xictjm1 77" Kimgyjm1 Xicljm1 7" Xicljr
T T T T

Xictj—2 " Ximgj2 Xicaj1 7 Xicojor,

T

T T T T

'xiflvj'*‘fl xi*S‘lxj*Tl xi*?lyj*' xi*s'hj*‘l'l:|
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Then, the augmented shift-varying 2D FMLSS systems is
= (Aa] 1 +Alj DX i
+ (A2, + A2 )x 3
+B“] W |+ B~ Wi

Vi = (Cly+ i +vi;

Zl]_Tfjx?]
where
TAL 00 0,0 0 07
0 000000
. | .
: | :
; 770”0”0”07:7079797 y Ao
Al=1"T 00 0,0 0 0 | A= |02
b i 0'0
0 01 0:/0 00 :
0 00 I/000
: ! :
. | .
L0 00001 0]
TAZ 0 0 0,0 0 07
I 00 0:0 0 0
0 I 00,000
| ~A
: O R S . A2 0
l12_ . . . \ . az_ B 7[7‘/7‘7 ~
AG=1 0 0 0 110 0 0 |47 { 0 0}
0 000,000
. | .
: I .
L0 000'0 0 0]

(1)
yl} { (21) }
“ Cv‘lﬁl? 0 ; 0 ) VEI)
Ci,j = { ,01 T0CO T T V= |- ;(.27’L -

dy=aplly=[1,0]

95-.2,91 0
0 0'C? .

! i=61,j=Ti

To further verify the advantages of the proposed partition reorganization approach over the state augmentation
approach, we calculate their total floating-point operations.

S! =8n>+8n.n,+4n.n,—2n,

S! =8n2(2¢ 71 + 6 + 71 + 1)* + 81,2617 + 6
+71+ Dny+4n,2¢ 7+ 61+ 7 + D,
20,2611+ 61 +71+1)

where S’ and S’ represent the total computational complexity of the augmentation system and the reconstruction
system at step 3 and step 9 in Algorithm 1, respectively. The details of the computational complexity of each step in
the proposed algorithm are provided in Table 2. When n, =n,=n,=n=4,¢; =2,7; =3, §, =312,5! = 44784.
Thus when the multi-channel asynchronous delay ¢; and 7, are large, we have S’ > S!, which implies that the
computation cost of the presented algorithm is more effective.
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Table2 The total computational complexity

Approach Step Floating Point Operations
Sy 3 2n,(2ny—1)
Sy 9 4ny(2ny +ny +ny)
Sa 3 2ny(26171 + 61+ 71+ D20y (2617

+g1+11+1)—1]
Sa 9 4n (26171 + 61 +71 + D21y + n: (26171
+¢1+71+1)+n,]

5. Numerical Example

In this section, the effectiveness of the proposed H., estimation approach is demonstrated through a numerical
example.

Example 1: Consider a shift-invariant 2D uncertain systems with the following parameters:

[05 0.1 0 01 0 0.1
A'=102 03 01[,A’=[02 02 02
03 0.1 0.1 04 04 0
0.4 0.6
B'=06|,B=|02|,Cc"=[7 2 3]
0.1 0.2

c?=[8 1 4],c®=[9 2 3], 7=2 1 1].

The relevant parameters of the random disturbance are set to

0.01 0.06
M'= 1006, M*>=[0.07|, L=0.2, NV =0.05
0.08 0.05

N®=0.04, N9 =007, E=[02 08 0.6].

In performance index, Py =15, R;; =1, Q,(Af,») = in) = ij) =1 and the specified attenuation level y = 2, the input
noise and observation noise satisfy w; ; = 0.50(i, j), where o, ; is a random white noise and its energy is less than 1,
vf-,lj) = 0.5005(0.05%1’),\/5? =0.4c0s(0.04n j),vfj) = 0.6sin(0.06mi). The asynchronous multi-channel delays ¢; =
7=0,5,=5,1=7,63 = 19,73 = 23. Let the initial conditions be given as follows for any (i, j) € /' = [0,50]x
[0,50]:

Xo=Xo;=[1 1 1]

Zip = 20,j = [1 1 1]T

1
Pi,O = Po,j = 001 0
0

S = O
—_ O O

In view of the given multi-channel delay parameters, the partition of N is divided as follows,
N? =10,31]x[0,27], N5t = (31,45] x[0,27], N5 = (31,45] x (27,43], N5 =[0,31]x(27,43], N3 = (45,50] X [0,43]
N, = (45,50] x (43,50], N5 =1[0,45] % (43,50]. According to Algorithm 1, the estimate of z;; can be recursive
calculated. First, verify whether Problem (1) is hold according to Theorem 2. To save space, some of the matrix
parameters are shown in Table 3 and Table 4, where aux1; ; and aux2; ; are the auxiliary matrices. Table 5 shows the
partial estimation gain parameter H; ;.

Table3 Problem (1) of necessary and sufficient conditions (D) matrix
819 872 96.5 ] 56.6 593 66.2 56.6 59.3 66.1 56.5 59.1 66.0
auxly;=| 873 955 1041 |auxlip=| 593 645 706 |auxlj3=| 592 645 705 |auxlijgq=| 59.1 644 704
96.5 104.1 1163 | 66.2 70.6 80.0 66.1 705 799 66.0 704 79.8

733 777 871 ] 476 493 56.5 47.6 493 563 477 493 564
auxlpo = | 777 849 938 auxlop = | 494 535 599 |auxlp3=| 493 535 597 |auxlog=| 493 534 598
87.1 938 1062 | 56.5 599 694 56.3 59.8 69.2 564 59.8 69.3
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Table4 Problem (1) of necessary and sufficient conditions 2) matrix

-0.82

[ —0.85

_ 0.12 . 0.10 5[ -085 0.0 5 _ [ -084 0.0
WXTLI=1 012 -389 | MMA2T | 010 -391 | 3T o010 -390 | MMT | 010 -3.91 |
5, _ [ —0:90 008 5 _ [ —093 006 5 _ [ 093 006 5 [ 092 007
a2 008 -3.91 WX22=1 006 -393 | M3T| 006 -393 | 4T 007 393 |

Table5 The estimation gain matrix

H,, = [0.146 0.070 0.089] H, ;= [0.146 0.071 0.089]
H,, = [0.128 0.048 0.119] H,, = [0.128 0.049 0.119]

H,; =[0.159 0.055 0.0900]
H,, =[0.1420.034 0.118]

H,, = [0.147 0.070 0.089]
H,, =[0.1320.049 0.115]

The simulation results are shown in Figures 1-4. Figure 1 displays z; ; and its estimate 2, ;. Intuitively, z; ; and
Z;; are approximately the same. Further, we verified this from the perspective of estimate error, the estimate error and
cross-section j =25 or i = 25 are depicted in Figure 2, it can be seen from Figure 2a that 7, ; is between [-0.5,0.5],
and from Figure 2b, it can be concluded that the trajectories of the z;; and Z;; cross-section overlap, indicating that
the estimation algorithm in this paper is effective. The Problem (1) verification of necessary and sufficient conditions
(D and @ for Theorem 2 are plotted in Figure 3, where Pos;; and Nos;; are indicator matrices of aux1;; and
aux2; ;, the value is 1 when it is a positive definite matrix, and the value is -1 when it is a negative definite matrix.
Figure 4 displays the H,, performance index and the trace of estimation gain, it is obvious from Figure 4a that
SUP(y, 10,00 #0% <0, due to the existence of multi-channel delays, the quadratic performance index gradually
increases 1jn a step-like manner. And the trace of the estimation gain converges in a step-like manner is depicted in
Figure 4b. The simulation results Figures 1—4 show that the algorithm has good estimation performance.

(i)

(a) Signal z;, (b) Estimate z;,

Figure 1. Signal and its estimate.

- -Signal z(7,j) on j=25
-- Estimate z(i,j) on j=25
- -Signal z(7,j) on i=25
-~ Estimate z(i,/) on i=25
40
30+ )
20 N
e

\,
0_’ TN _ o~

710 -

720 1 I I 1
0 10 20 30 40 50
iorj

(a) Estimateerror 7;; (b) Cross-section of Z;; and z,,

Figure 2. Estimate error and cross-section j = 25 or i = 25.

Pos
S =

Suho o

50
40
3059
J

(a) Indicator matrices Pos,,

(b) Indicator matrices Neg;;

Figure 3. Indicator matrices.
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SUD. ity XY

(a) The H,, quadratic performance (b) The trace of estimation gain
indexsup sup, ... 72X'Y pa-rameter tr{/7, }

Figure 4. The H., performance index and the trace of estimation gain.

Example 2: Consider the metal rolling process as shown in Figure 5:
.. Z Z . d Z
where R;; represents the i—th roll-gap thickness at time j, and the other variables in the metal rolling process are
shown in Table 6. Through the backward difference technique, the differential equation can be transformed into a 2D

FMLSS system.

Figure 5. Metal rolling process.
Table 6 Variables in the metal rolling process

M mass of the roll-gap adjusting mechanism 50 kg
H stiffness of the adjusting mechanism spring 3000 N/mm
n hardness of the metal strip 500 N/mm
< composite stiffness (ﬂ) wN/mm
H+n 7
Fy force of the motor /

Considering the actual metal rolling process, the system may be affected by disturbances caused by non-ideal
rolling conditions. Moreover, due to variations in roll gap thickness, the heating model under consideration may
experience fluctuations in system parameters. When using sensors to measure the actual rolling thickness, the
measurement signals are often subjected to asynchronous delays caused by motor temperature increases. Therefore,

the relevant system parameters are

i 1 -0.02999 0.2090 —0.1045 0.0149
0 e 1sin(j) 0 0
Al = 0 0 0 0 01D
0 0 0 0 0
10.01cos(i + j) 0 0 0 0
0 0 0  —0.02sin(j) 0
0 0 cos(i) 0 0
A= |1 -0.0299 02090 —0.1045  0.0149
0 0 1 0 0.1~
0 1 0 0 0
[ —0.02 0 0.017"
0.05¢~® 0.1 0
Bl,=| 003 |,B}=1]005,C)=]0
0 0 0
0.1 0.1 0

In performance index, Po =I5, R;; = 0.41,Q}") = Q) = O’ = 0.9 and the specified attenuation level y = 1,
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the input noise and observation noise satisfy w; ; = 0.490(i, j), where o; ; is a random white noise and its energy is

(1)

less than 1, vi; =0.3c0s(0.06mi),v\ = 0.7cos(0.07x),v

0
L]

=0.5sin(0.057i). The asynchronous multi-channel

delays ¢ =7=0,6,=7,7, =9,63 =24,7; = 28. Let the initial conditions be given as follows for any (i, j) €
N = [0,50]%[0,50]: Xi0 = Xo,j = Zip = 20,j = 1111 l]T, P,"() = Po’j =0.011s.

0.06 T 0 T
0 0.01 +0.01cos(j)
(2) s . 3)
G = 0.01sgn(j—-1)| , G = 0.04
0 0
0 0
1" 0.01 0
0 0 0.05
Ti,j_ 1 N Mil’j: 002 N sz: 0 5 Ll"J:O.l
0 0
1 0 0.01

N =0.03, N =0.06, N =0.01
E;=[012 021 0 0 043]

In view of the given multi-channel delay parameters, the partition of A/ is divided as follows, N} = [0,26]%
[0,22], N =(26,43]1%x[0,22], N = (26,431 x(22,41],N5 =[0,26] X (22,41],N; = (43,501 x [0,41], N, = (43,

50] x (41,501, N5 =[0,43]x (41,50].

The simulation results are shown in Figures 6-8. Figure 6 displays estimate Z; ; and cross-section on j =25 or
i = 25. Further, the Problem (1) verification of necessary and sufficient conditions (O and @) for Theorem 2 are plotted
in Figure 7. Figure 8 displays the estimate error and H., performance index, it is obvious from Figure 8b that
SUP (4 1,07 )0 £ <0, The simulation results Figures 6-8 show that the algorithm has good estimation performance.

(a) Signal z;,

- -Signal z,; on j=25
-- Estimate z,; on j=25
- -Signal z;, on i=25
- Estimate z,; on i=25

s
S AR e v

10 20 30 40 50
iorj

(b) Cross-section of z,; and z;,

Figure 6. Signal and cross-section on j =20 and i = 25.

2.0
1.5

2 1.0
0.5
0

010
20
3040557

;

1020304050
j

(a) Indicator matrices Pos;;

(b) Indicator matrices Neg;;

Figure 7. Indicator matrices.

(a) Estimate error

x1073"3

%10

(b) The H, quadratic performance

index sup, ’#X/ Y

WiV,

Figure 8. Estimate error and The H., performance index.
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Using the system parameters of Example 2, we consider the effects of different disturbance attenuation level y
and delay coefficients on H,, performance.

Remark 12: Different delay coefficients affect the observations received in the current horizon. As shown in
Figure 9a, a larger delay coefficient results in greater information lag in the current channel, reducing the available
information for subsequent state estimation. Consequently, this leads to a slower arrival the H., performance under a
given y. By setting the disturbance attenuation level vy, the induced gain of the transfer function from uncertainty
signals to estimation errors can be strictly bounded below a given positive scalar y. The value of y directly reflects
the system's suppression strength against uncertain disturbances: a smaller y enforces stricter robustness constraints,
whereas a larger y permits looser disturbance attenuation boundaries as shown in Figure 9b.

m ¢,=7,=0,6,=5,7,=7,6,=19,7,=23 = =10
¢=1,=0,6,=9,7,=11,c,=23,7,=28 = =1

== y=0.1

(a) H, performance for different (b) A, performance for different
delay coefficients disturbance attenuation level

Figure 9. performance index.

The H. performance function is shown in Figure 10, which is obtained by the algorithm proposed in
Algorithm 1, [20], and [5]. The effectiveness of the algorithm can be evaluated by determining whether the H.,
performance converges. In the simulation, the parameters, delay coefficients, and initial conditions are kept consistent.
It is clearly shown that Algorithm 1 not only achieves excellent convergence, but also shows excellent performance in
effectively solving the H., filtering problem for delayed system.

= Algorithm in this paper == Algorithm in [31]
== Algorithm in [20] == Algorithm 1
4 -3
> T;O x10
%
10 1’5
= S :
3_0 N 0
=300 Y%
- 201000 10 20 3'0 4050 20100 571020 30 40 50
i i

(a) Case 1. (b) Case 2.
Figure 10. The H., performance for different Algorithm.

6. Conclusions

This paper has explored the robust H, filtering problem for a class of 2D uncertain systems under
asynchronous multi-channel delays. A partition reconstruction approach has been employed to transform the original
delayed system into an equivalent multi-channel observation delay-free systems. By making two modifications to the
quadratic performance function, an equivalence relation between the design of the H,, filter and the minimization
problem of an indefinite quadratic form has been established. Subsequently, a robust H,, filter has been designed
within a 2D Krein space stochastic system by minimizing the quadratic performance metric, and the sufficient and
necessary conditions for its existence have been presented. The limitation of this paper is that the proposed filtering
framework cannot be extended to 2D systems with both state and observation delays simultaneously, as the
reconstruction approach is unable to account for the effects of state delays. Future research directions will include
extending the proposed H,, estimation approach to more general systems with more complex network-induced
phenomena, such as non-logarithmic sensor resolution, dynamic bias, communication scheduling [34—37].
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Appendix A. Proof of Lemma 1

Proof: In accordance with (4) and (7), we can know that y;, is a linear combination of )}, i.e.

yll,k = [In‘ 0o - 0] yﬁcl,kﬂ.
I, 0 - 0
yik: |:0‘ 0o -- 0:| yl]is‘hk*‘rl
+ |i0 In e 0:| yl]i&'z,k‘*“"z
I, 0 0
. 0 .- .
Y= . . . yl+g| Jt T
0O 0 --- 0
0 0 0
0 1, - .
. | Vg ko,
0 0 0
00 0]
0 0 0
+oot

yN
l+ey.k+Ty*

00 - I

y

Moreover, it is obvious that y,{‘,’( is also a linear combination of y;,, i.e.

I, 0 0]
N 1 L 2
Vi = N Vieseen T | Viegkn
0 0 0]
00 0
00 0 N
4ot : : yl—g‘N,k—T.«r .
00 - I,

Following the above proof approach, it can be seen that yj, and Y/.(7€ [1,N —1]) can also be expressed linearly
with each other. o

Appendix B. Proof of Lemma 2

Proof: We first give the calculation of the two covariance matrices. In light of (13) and (17), it is easy to know
that

Xo X0 = =
= _ _ _ Iy, le}
fie (|6 |8y >—{ﬁm I,
YN YN

where
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- [Py 0} - { Pok} }

M = |:0 RN M = RNkT+SNkT

ﬁzz = koP()kg + kﬁ/RNkW + ngN'k;r
+kv;§_/\/k:—[ +k;§:|,;/-k;

Then, in line with (22), one has

% Vie N LicEXix
G = | En| XMLk + —Ej Xy (40)
Tk o

of o] )

(D;,ké«b},k’(b;,k) LD;%' (D;Iiz

where

Ot =CPLTT(CLOT+ Ol + NN

1, 1)— Elk
(Dl,ltz =C1kP(N+1 ) {Tuj

Elk} N {—I 0 }
le 0 —’}/21

It can be verified that the sequential principal formulas of each order of @j, are not zero, and the unique
trigonometric decomposition of ®;, can be obtained,

o - 1 0 {cp;;,‘j 0}
et eph) T Lo o

y 1 0]’
o (o) 1
where (D;:,% = (Dﬁjiz - q)ﬁjil (‘DZ;](])_ (I)Z;lcz. The necessary and sufficient condition for the existence of the minimum of
(18) is: for I1, when IT;; > 0, the inertia index of I1,, and I1,, — Iy, I1;[ 11}, are equal, i.e. I(I1x) = I(k; QNkT
kST RNSNkT) In accordance with [33], I(f15,) = I((¥r, ¥r)) is equal to I(D,,), where @, = diag{®) 005" s
oY oV L oML D) -, @} }. And Jy has a minimum on xo,{wy|(l,k) € N'}, and {{v}}|(L,k) €

i 1o 0+ ir)o? 0,jn-1° insJn

Nibse- s vl k) eNN}} as

(D}fz _ {?lk} P(N+l -

N+1-1 _ "N+1 T
Ti = Zz lz(lk)ej\/’ {07k
X<¢N+1 1 +l l> (yN+l 1 j}?/]jl 1)}

In order to facilitate the analysis, the following will no longer superimpose the Varlous Varlables and only
analyze partition \V; . Then, we give the necessary and sufficient conditions for I(©}, = (§7 — y,k,y,k y,k)) to be equal
to I(YY, £ DY ON(DY)T = DY (SN T(R) ™S N(DY)T). Refer to the matrix definition above, it is easy to see that

T = -1 (42)
_ 01 11 é1,12
Ol = [gies it

{ I 0} {é,[;(” oH I OT
011k21( 1, ll) 1 I 0 9 gllkZI(gl 11) 1 I .
In view of (40) and (41), 83" = @'",6,% = @*, 7,7 = @)}, and 6 = 6,7 - 6, (®;;')"'&/;. It can be seen
from (42) and (43) that 1(®},) = I(}},) ifand only if §;'' >0 and 6} <0.o

(43)

Appendix C. Proof of Theorem 3

Proof: For simplicity, the following proof is only carried out in Step /. According to (36), one derives
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Ix :Z(l,k)ej\/. {Gl =3 @ TN -3} (44)
and
i lagdr 1%
el @y Lo af
(45)

y { I 0} T
q);?/]fl ((I)i\’];l 1 )71 1

Reviewing the definition of correlation matrix yields

-1
{ N21 INI] 0} G = I
; 11y-1 1k~ Vik
O, (D) I
N N ol-
_ P’Lk - Cl,kxl,k}
= |7k 6
L

where 2, =[02],]" and 2, = [E], T1"&l; + @) (@) 0 — CN&1%). Therefore, substituting (45) into (44)
we get

Fx o _ N N al—12
Ix, _Z(Lk)eM {“yl,k_Cl,kxl,k”(dhj’fi”)"

(46)
+112 — ka“(zzp;_vf)fl }

If Theorem 2 hold then (D?,/é” >0 and cD?’lf < 0. It is obvious from (46) that J, N, takes the minimum if and
only if 2, =z}, When E;; =0 holds, exactly z{,—z/, =0 and J |g,-0>0. Finally, it comes J3l|g,-0 =
Zfil Ixlg,=0 > 0.0
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