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Abstract: In this paper, the fixed-time synchronization of spatiotemporal networks
under quantized boundary control is investigated, where the network coupling en-
compasses both state coupling and spatial diffusion coupling. First, under the mixed
boundary condition, two innovative power-law controllers embedded with a quantiza-
tion mechanism are designed, and the controllers operate at the boundary of the spatial
domain. Subsequently, by employing inequality techniques and fixed-time stability
theory, several verifiable criteria are derived to ensure the fixed-time synchronization
of the addressed spatiotemporal networks. Lastly, the theoretical results are validated
through by numerical simulations of two illustrative examples.
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1. Introduction

Spatiotemporal complex networks (STCNs) are dynamic network models that integrate both temporal and
spatial dimensions. They can accurately characterize complex diffusion phenomena, such as the spread of invasive
species in ecological populations [1] and the concentration changes of the substances during chemical reactions [2].
Spatial diffusion is a key feature of numerous complex systems. For instance, multilayered cellular neural networks
comprise interconnected computing units, where local intercellular interactions represent reaction components, and
the information flow among cells corresponds to diffusion components [3]. This example demonstrates that the
structure and dynamic behavior of multilayered cellular neural networks depend not only on temporal evolution and
spatial position of each cell but also on the information interactions dictated by the spatial distribution of the entire
network. Therefore, it is reasonable and significant to consider STCNs.

Synchronization is a common phenomenon in both nature and technology, as seen in the synchronized swinging
of coupled pendulums and the synchronized flashing of fireflies. In addition, synchronization plays a crucial role
in modern technology, particularly in telecommunications, where devices must align their signals to ensure clear
and efficient communication. These examples underscore the importance and ubiquity of synchronization in both
natural and artificial systems. Recently, there has been an increasing focus on the study of STCNs [4–6] and various
control schemes addressing their synchronization issues, such as impulsive pinning control [7], event-triggered
control [8,9], and intermittent control [10]. These traditional control schemes require actuators to be uniformly
distributed throughout the entire spatial domain, which poses significant engineering challenges. For instance,
consider the intelligent traffic control of urban road systems. If a signal light control system is implemented across
an entire road section, it not only entails a substantial investment in installing signal lights and communication
networks along hundreds of roads but also faces practical challenges such as high maintenance costs and unreliable
power supply in remote areas [11]. To address these challenges, boundary control has been introduced, regulating
only the actuators at the boundary of the spatial domain to achieve the desired performance. Currently, boundary
control has emerged as a classic control method for studying the synchronization of STCNs and is widely used in
the canalization of irrigation networks [12] and flexible riser systems [13].

Copyright: © 2025 by the authors. This is an open access article under the terms and conditions of the Creative Commons Attribution
(CC BY) license (https://creativecommons.org/licenses/by/4.0/).
Publisher’s Note: Scilight stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.

https://www.sciltp.com/journals/ic
https://creativecommons.org/licenses/by/4.0/


Shi et al. Intell. Control 2025, 1(1), 3

Recently, the synchronization of STCNs through boundary control has garnered significant research interest.
For instance, a backstepping-based boundary controller was devised to ensure synchronization of coupled partial
differential systems with Dirichlet boundary conditions [14]. Utilizing the Lyapunov method, state-feedback
boundary controllers were designed to achieve exponential and asymptotical synchronization of coupled STCNs
with Neumann boundary conditions, respectively [15,16]. Notably, Yang et al. developed a collocated boundary
control scheme that employs boundary measurement for cluster synchronization of STCNs, wherein the controller
only relies on spatial boundary states [17]. Additionally, researchers have integrated different advanced control
strategies with boundary control to address STCN synchronization, including adaptive control [18], pinning
control [19], and quantized control [20,21]. Among these effective control schemes, quantized control is particularly
advantageous in scenarios with limited communication capacity or constrained processing power. Examples
include bandwidth-constrained large-scale smart grids and long-distance data transmission for a pipeline boundary
sensor. By converting continuous control inputs into discrete values characterized by limited precision, quantized
control reduces data transmission and mitigates channel congestion. Recently, this approach has found widespread
application in digital control systems, digital signal processing, and computer-based control systems [22]. Xiong et
al. successfully addressed the drive-response synchronization of stochastic systems by incorporating a quantitative
mechanism into the intermittent control scheme [23]. Interestingly, Yang et al. introduced a novel and cost-effective
quantized communication mechanism in their modeling, providing a practical solution to the challenges posed by
limited communication bandwidth [24]. However, the models in these studies focused solely on state coupling. In
reality, spatial diffusion coupling often exists in many practical networks, as individual diffusion processes can
mutually affect neighboring individuals. A typical example is predator-prey systems, where invasive species may
lead to population flux variations [1]. In recent years, limited progress has been made in addressing synchronization
of STCNs with spatial diffusion coupling [10,25]. However, the quantized boundary synchronization of STCNs
with spatial diffusion coupling remains an open problem.

It is noteworthy that existing results mainly focused on asymptotic or exponential synchronization of STCNs as
time approaches infinity. Nonetheless, such infinite-time convergence can be impractical for real-world applications
due to the lifespan limitation of biologies and devices. To expedite the convergence of the controlled system, the
concept of finite-time synchronization was put forward [26]. Motivated by its superior anti-interference capability
and enhanced robustness, the finite-time synchronization of STCNs has been thoroughly studied [27,28]. Luo et al.
examined the finite-time synchronization of STCNs through boundary control based on Lyapunov stability theory
in [29]. Notably, in [30,31], the finite-time stabilization of reaction-diffusion systems, both with and without delay,
was investigated using boundary control methods. It should be noted that the settling time in these synchronization
results critically relies on the initial states of the target system, which are often unavailable a priori. Consequently,
Polyakov introduced the concept of fixed-time stability in [32], where the convergence time depends on the system
parameters and control parameters. Following this, numerous excellent fixed-time stability results have been
published, contributing to the study of fixed-time synchronization in complex systems [33–35].

Currently, advancements in fixed-time synchronization of STCNs have gradually matured, with fixed-time
theoretical frameworks established for various network models, including neural networks with time-varying
coefficients and time delay [36], complex-valued neural networks [37], Hopfield neural networks with delays [38],
and complex-valued memristive neural networks with Markovian jump parameters [39]. However, these results
focused on full-domain controllers distributed throughout the entire space, often resulting in high costs and technical
challenges during engineering implementation. In contrast to those control designs with full-domain measurements,
Espitia et al. devised a time-varying boundary controller distributed on the Dirichlet boundary and established
fixed-time stabilization conditions of STCNs based on the backstepping approach [40]. Li et al. developed two
piecewise feedback controllers distributed on the Neumann boundary and mixed boundary based on the quadratic
norm in the Sobolev space, allowing the states of STCNs to achieve synchronization within a fixed time [41].
In [42], a logarithmic quantization mechanism was incorporated into the boundary controller for STCNs to ensure
fixed-time synchronization. Notably, the boundary controllers proposed in [41,42] consist of a linear feedback part
and power-law terms, which are tedious and laborious. Additionally, these studies also overlook the crucial role of
spatial diffusion coupling. Thus, optimizing these control schemes to achieve fixed-time synchronization of STCNs
with spatial diffusion coupling via quantized boundary control is a central problem that needs to be addressed.

Inspired by the aforementioned analysis, this article investigates the fixed-time synchronization of STCNs
with hybrid coupling via quantized boundary control. The primary novelties of this article are summarized below.

(1) To capture the intricate dynamics of network interactions, a class of STCNs integrating state coupling and
spatial diffusion coupling is considered, which enhances the generalization capability of the single-coupling models
proposed in [29–31,36–40].
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(2) To achieve fixed-time synchronization of STCNs with or without spatial diffusion coupling, two types of
quantized boundary controllers without a linear feedback term are devised. Compared to the full-domain controllers
presented in [7,8,10], the boundary control strategies designed here are more cost-effective and easier to implement.
Specifically, the proposed boundary controllers incorporate a quantization mechanism, reducing the communication
burden and computational overhead compared to existing boundary control schemes [29,30].

(3) By directly constructing Lyapunov functions, several sufficient conditions are put forward to ensure fixed-
time synchronization of STCNs with mixed boundary conditions. Distinguished from previous studies [15–19,29]
that mainly focused on Neumann boundary conditions, our theoretical analysis eliminates complicated variable
transformation, significantly simplifying the mathematical derivation process.

The remainder of this paper is arranged as follows. Section 2 introduces some necessary preliminaries. In
Section 3, the fixed-time synchronization of STCNs is investigated under quantized boundary control. In Section 4,
two simulated examples are presented to validate the feasibility of the derived results. Finally, Section 5 concludes
this article.

Notations. The set of all real numbers is denoted by R. Rn and Rn×m represent the spaces of all n-
dimensional real vectors and n ×m-dimensional real matrices, respectively. N = {1, 2, . . . ,m}, where m is a
positive integer. For any y ∈ Rn, ∥y∥ =

√
yT y, where yT represents its transpose, |y| = (|y1|, |y2|, . . . , |yn|)T ,

sign(y) = (sign(y1), sign(y2), . . . , sign(yn))T . For any symmetric matrix P ∈ Rn×n, λmax(P ) and λmin(P )

denote the maximum eigenvalue and the minimum eigenvalue of P , respectively. The matrix norm is denoted
by ∥P∥ =

√
λmax(PTP ). P−1 represents the inverse of a nonsingular P . In is an n-order identity matrix.

0m ∈ Rm is a column vector where all elements are 0. [P ]s = P + PT . For a real matrix P , the notation
P > 0 indicates that the matrix P is positive-definite. diag{·} denotes a diagonal matrix, and ⊗ represents
the Kronecker product. For any z(ν, t) = (z1(ν, t), z2(ν, t), . . . , zn(ν, t))T : [0, L] × [0,+∞) 7→ Rn, denote

∥z(·, t)∥L2
=

( ∫ L

0

n∑
r=1

(zr(ν, t))2dx
) 1

2

.

2. Model Description and Preliminaries

Consider a spatiotemporal network with spatial diffusion coupling and state coupling, where the state of each
vertex is described by the following

∂zr(x, t)

∂t
=D∆zr(x, t) +Azr(x, t) +Bf(zr(x, t))

+ ε

m∑
j=1

wrjΓ∆zj(x, t) + ε

m∑
j=1

wrjΓ̂zj(x, t), (1)

where r ∈ N , zr(x, t) = (z1r (x, t), z
2
r (x, t), . . . , z

n
r (x, t))

T , (x, t) ∈ (0, L) × (0,+∞) is the spatio-temporal
state of the rth vertex, ∆ = ∂2

∂x2 denotes the Laplace diffusion operator, f(zr(x, t)) ∈ Rn is a continuous
nonlinear vector function, D = diag{d1, d2, . . . , dn} > 0 represents a transmission diffusion coefficient matrix,
A and B are n-order matrices, ε > 0 stands for the overall coupling strength, Γ = diag{γ1, γ2, . . . , γn} and
Γ̂ = diag{γ̂1, γ̂2, . . . , γ̂n} are positive-definite inner coupling matrices, matrix W = (wrj)m×m depicts the
network topology, where wrj = wjr ̸= 0 if there is communication between vertex r and vertex j; otherwise,

wrj = 0 (r ̸= j), and wrr = −
m∑

j=1,r ̸=j

wrj . Here, it is assumed that the network topology corresponding to the

coupling matrix W is undirected, without self-loops and without any connectivity restrictions.

Remark 1. Most existing studies on fixed-time synchronization of STCNs have mainly focused on state coupling,
while spatial diffusion coupling has garnered relatively limited attention [36–39]. Nonetheless, in real-world
scenarios, the heterogeneous spatial diffusion of individual nodes can have a great impact on the dynamics of
other nodes within the network. Therefore, it is crucial to incorporate spatial diffusion coupling into the analysis
of STCNs.

The initial value and the mixed boundary conditions of system (1), which consists of Dirichlet and Neumann
boundary conditions, are given by

zr(x, 0) = z0r (x), x ∈ (0, L],

zr(0, t) = 0n,
∂zr(x, t)

∂x

∣∣∣
x=L

= Ur(t), t ∈ [0,+∞)

where r ∈ N , Ur(t) = (U1
r (t), U

2
r (t), . . . , U

n
r (t))

T is a boundary control input.
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The desired synchronization state is denoted as ξ(x, t) ∈ Rn and satisfies
∂ξ(x, t)

∂t
= D∆ξ(x, t) +Aξ(x, t) +Bf(ξ(x, t)), (x, t) ∈ (0, L)× (0,+∞),

ξ(x, 0) = ξ0(x), x ∈ (0, L],

ξ(0, t) =
∂ξ(x, t)

∂x

∣∣∣
x=L

= 0n, t ∈ [0,+∞).

(2)

Define the synchronization error σr(x, t) = (σ1
r(x, t), . . . , σ

n
r (x, t))

T = zr(x, t)− ξ(x, t). In the following,
the synchronization error system can be obtained by subtracting (1) from (2),

∂σ(x, t)

∂t
= (Im ⊗D)∆σ(x, t) + (Im ⊗A)σ(x, t) + (Im ⊗B)F (σ(x, t))

+ ε(W ⊗ Γ)∆σ(x, t) + ε(W ⊗ Γ̂)σ(x, t), x ∈ (0, L),

σ0(x) = z0(x)− ξ0(x), x ∈ (0, L],

σ(0, t) = 0nm,
∂σ(x, t)

∂x

∣∣∣
x=L

= U(t), t ∈ [0,+∞),

(3)

where σ(x, t) = (σT
1 (x, t), . . . , σ

T
m(x, t))T , F (σ(x, t)) = (f̃T (σ1(x, t)), . . . , f̃

T (σm(x, t)))T ∈ Rnm, f̃(σr(x, t)) =

f(zr(x, t))− f(ξ(x, t)) ∈ Rn, r ∈ N , U(t) = (UT
1 (t), UT

2 (t), . . . , UT
m(t))T ∈ Rnm.

Definition 1 ([39]). The network (1) with boundary control U(t) is called fixed-time synchronized if there exist a
fixed time Tmax ≥ 0 and a settling time function T (σ0(·)) ≥ 0 satisfying T (σ0(·)) ≤ Tmax such that lim

t→T (σ0(·))
∥σ(·, t)∥L2

= 0,

σ(x, t) = 0nm, x ∈ [0, L], t ≥ T (σ0(·)).

Remark 2. Based on the error system (3), the synchronization control problem of the STCN (1) is converted to
the stabilization of the error system (3). Fixed-time synchronization implies that all states z(x, t), whether at the
boundary or within the spatial domain, can converge to the synchronization state ξ(x, t) within the fixed time Tmax.
In [36–39], the definition of fixed-time synchronization under Dirichlet boundary conditions is provided, where
σ(x, t) = 0nm is required just for t ≥ Tmax and x ∈ (0, L) since σ(L, t) = 0nm and σ(0, t) = 0nm are naturally
satisfied for t ≥ 0. Nonetheless, the natural result may not be true in spatiotemporal networks with mixed boundary
conditions. Consequently, a stricter spatial domain restriction x ∈ [0, L] is established for σ(x, t) = 0nm in
Definition 1.

The primary objective of our study is to design a boundary feedback controller Ur(t) that ensures synchroniza-
tion of the coupled network (1) within a fixed time. To derive the main results, some necessary assumptions and
relevant lemmas are given below.

Lemma 1 ([16]). Suppose that 𭟋(r) : [0, L] → Rn is a continuous and square integrable function satisfying
𭟋(0) = 0 or 𭟋(L) = 0. Then, for a matrix Q > 0,∫ L

0

𭟋T (r)Q𭟋(r)dr ≤ 4L2

π2

∫ L

0

(d𭟋(r)

dr

)T

Q
(d𭟋(r)

dr

)
dr.

Lemma 2 ([34]). If there exists a positive-definite and radially unbounded function 𭟋(x(t)) : Rn 7→ R with
x(t) : [0,+∞) 7→ Rn such that

d

dt
𭟋(x(t)) ≤ a𭟋(x(t))− b𭟋η(x(t))− c𭟋δ(x(t)), x(t) ∈ Rn\{0n},

where a ∈ R, b, c > 0 and 0 ≤ η < 1, δ > 1, the following results hold.
(1) If a ≤ 0, there exists 0 ≤ T (x(0)) < +∞ such that x(t) = 0 for all t ≥ T (x(0)) and

T (x(0)) ≤ T 1
max =

π

(δ − η)b

(b
c

)ν

csc(νπ),

where ν = 1−η
δ−η .

(2) If 0 < a < 2
√
bc, and η + δ = 2, there exists 0 ≤ T (x(0)) < +∞ such that x(t) = 0 for all t ≥ T (x(0))
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and

T (x(0)) ≤ T 2
max =

1

δ − 1

2√
4bc− a2

(π
2
+ arctan(

a√
4bc− a2

)
)
.

Lemma 3 ([33]). Suppose that ck ≥ 0, 0 < u ≤ 1, v ≥ 1. Then,

s∑
k=1

cuk ≥
( s∑

k=1

ck

)u

,

s∑
k=1

cvk ≥ s1−v
( s∑

k=1

ck

)v

.

Assumption 1. There exists a scalar ρ > 0 such that

∥f(a)− f(b)∥ ≤ ρ∥a− b∥, a, b ∈ Rn.

3. Main Results

In this section, a quantized boundary controller is devised, and several sufficient criteria are established to
ensure the fixed-time synchronization of STCNs (1) by using the Lyapunov method, Wirtinger’s inequality, and the
technique of integration by parts.

To facilitate subsequent analysis, denote

Σ = Im ⊗
(
[ΘA]s + ρ∥[ΘB]s∥In

)
− π2

2L2
Π+ ε[W ⊗ΘΓ̂]s,

Υ = Im ⊗ (A+ ρ∥B∥In − π2

4L2
D) + εW ⊗ Γ̂.

To ensure fixed-time synchronization, the boundary controller is designed as

Ur(t) =

{
− αΨr(L, t)V

p
r (t)− βΨr(L, t)V

q
r (t), σr(L, t) ̸= 0n,

0n, σr(L, t) = 0n,
(4)

where α, β > 0 and 0 ≤ p < 1, q > 1, r ∈ N and

Ψr(L, t) =
Q(σr(L, t))

∥Q(σr(L, t))∥2
, Vr(t) =

∫ L

0

Q(σT
r (x, t))ΘQ(σr(x, t))dx,

in which Θ = diag{Θ1, . . . ,Θn} > 0, Q(σr(x, t)) = (q(σ1
r(x, t)), . . . , q(σ

n
r (x, t)))

T , q(v) : R 7→ ℑ is the
quantizer and satisfies

q(v) =


ηrτ0, if

ηrτ0
1 + ϱ

< v ≤ ηrτ0
1− ϱ

,

0, if v = 0,

− q(−v), if v < 0,

(5)

where ℑ = {±ηrτ0|r = 0,±1,±2, . . . , τ0 > 0} ∪ {0} , 0 < η < 1, ϱ = 1−η
1+η represents the quantification step. It

holds that q(v)− v = αv, α ∈ [−ϱ, ϱ), which is considered in [21].

Remark 3. The controller (4) devised in this paper operates only at boundary x = L. It has two primary advantages.
First, in terms of implementation, unlike the full-domain controllers presented in [36–39], it eliminates the need for
extensive deployment of control nodes across the entire spatial domain. Economically, a logarithmic quantization
mechanism is incorporated into the boundary controller (4), which effectively reduces the communication burden
and computational costs compared to the boundary controller in [29–31,41].

Theorem 1. Under Assumption 1 and the quantized boundary controller (4), if there exists a matrix Θ =

diag{Θ1,Θ2, . . . ,Θn} > 0 such that

Π = Im ⊗ΘD + εW ⊗ΘΓ > 0, (6)

then the following results can be derived.
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(1) If λmax(Σ̃) ≤ 0, the controlled network (1) is fixed-time synchronized and

T ∗ ≤ T̄1 =
π

α̃(q − p)

( α̃
β̃

)ν

csc(νπ),

where ν = 1−p
q−p , α̃ = 2α(1−ϱ)2p

1+ϱ λmin(Π), β̃ = 2β(1−ϱ)2q

1+ϱ m1−qλmin(Π), Σ̃ = (Im ⊗ M−1)TΣ(Im ⊗ M−1), in
which M satisfies Θ = MTM .

(2) If p+ q = 2 and 0 < λmax(Σ̃) < 2

√
α̃β̃, the controlled network (1) is fixed-time synchronized and

T ∗ ≤ T̄2 =
1

q − 1

2√
4α̃β̃ − λ2

max(Σ̃)

(π
2
+ arctan

( λmax(Σ̃)√
4α̃β̃ − λ2

max(Σ̃)

))
.

Proof. Construct the following function

V (t) =

∫ L

0

σT (x, t)(Im ⊗Θ)σ(x, t)dx.

For σ(x, t) ∈ Rnm\{0nm},

V̇ (t) = 2

∫ L

0

[
σT (x, t)(Im ⊗ΘD)∆σ(x, t)

+ (Im ⊗ΘA)σ(x, t) + (Im ⊗ΘB)F (σ(x, t))
]
dx

+ 2ε

∫ L

0

σT (x, t)(W ⊗ΘΓ)∆σ(x, t)dx

+ 2ε

∫ L

0

σT (x, t)(W ⊗ΘΓ̂)σ(x, t)dx. (7)

From Assumption 1,

2

∫ L

0

σT (x, t)(Im ⊗ΘB)F (σ(x, t))dx

≤
∫ L

0

σT (x, t)(Im ⊗ ρ∥[ΘB]s∥In)σ(x, t)dx. (8)

Using the technique of integration by parts and the mixed boundary conditions,

2

∫ L

0

σT (x, t)(Im ⊗ΘD)∆σ(x, t)dx

= 2

m∑
r=1

σT
r (L, t)ΘDUr(t)− 2

m∑
r=1

∫ L

0

(∂σr(x, t)

∂x

)T

ΘD
(∂σr(x, t)

∂x

)
dx

= 2σT (L, t)(Im ⊗ΘD)U(t)− 2

∫ L

0

(∂σ(x, t)
∂x

)T

(Im ⊗ΘD)
(∂σ(x, t)

∂x

)
dx. (9)

Similarly,

2ε

∫ L

0

σT (x, t)(W ⊗ΘΓ)∆σ(x, t)dx

= 2εσT (L, t)(W ⊗ΘΓ)U(t)− 2ε

∫ L

0

(∂σ(x, t)
∂x

)T

(W ⊗ΘΓ)
(∂σ(x, t)

∂x

)
dx. (10)
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Furthermore, from Equations (9) and (10), in light of Lemma 1,

− 2

∫ L

0

(∂σ(x, t)
∂x

)T

(Im ⊗ΘD)
(∂σ(x, t)

∂x

)
dx

− 2ε

∫ L

0

(∂σ(x, t)
∂x

)T

(W ⊗ΘΓ)
(∂σ(x, t)

∂x

)
dx

≤ − π2

2L2

∫ L

0

σT (x, t)Πσ(x, t)dx, (11)

when Π > 0.
From the quantized boundary controller (4), we have

σT (L, t)(Im ⊗ΘD)U(t)

= −α

m∑
r=1

n∑
k=1

σk
r (L, t)Θkdkq(σ

k
r (L, t))

(Vr(t))
p

∥ Q(σr(L, t)) ∥2

− β

m∑
r=1

n∑
k=1

σk
r (L, t)Θkdkq(σ

k
r (L, t))

(Vr(t))
q

∥ Q(σr(L, t)) ∥2

≤ −α(1− ϱ)2p

1 + ϱ

n∑
k=1

(σk(L, t))TΘkdkσ̃
k(L, t)

− β(1− ϱ)2q

1 + ϱ

n∑
k=1

(σk(L, t))TΘkdkσ̂
k(L, t), (12)

and

εσT (L, t)(W ⊗ΘΓ)U(t)

= −εα

m∑
r=1

m∑
j=1

n∑
k=1

σk
r (L, t)wrjΘkq(γkσ

k
j (L, t))

(Vj(t))
p

∥ Q(σj(L, t)) ∥2

− εβ

m∑
r=1

m∑
j=1

n∑
k=1

σk
r (L, t)Θkγkq(σ

k
j (L, t))

(Vj(t))
q

∥ Q(σj(L, t)) ∥2

≤ −εα(1− ϱ)2p

1 + ϱ

n∑
k=1

(σk(L, t))TΘkγkWσ̃k(L, t)

− εβ(1− ϱ)2q

1 + ϱ

n∑
k=1

(σk(L, t))TΘkγkWσ̂k(L, t), (13)

where
σk(x, t) = (σk

1 (x, t), σ
k
2 (x, t), . . . , σ

k
m(x, t))T ,

σ̃k(x, t) =
(
σk
1 (x, t)

(V1(t))
p

∥ σ1(L, t) ∥2
, σk

2 (x, t)
(V2(t))

p

∥ σ2(L, t) ∥2
, . . . , σk

m(x, t)
(Vm(t))p

∥ σm(L, t) ∥2
)T

,

σ̃k(x, t) =
(
σk
1 (x, t)

(V1(t))
q

∥ σ1(L, t) ∥2
, σk

2 (x, t)
(V2(t))

q

∥ σ2(L, t) ∥2
, . . . , σk

m(x, t)
(Vm(t))q

∥ σm(L, t) ∥2
)T

.

From inequalities (12) and (13),

σT (L, t)
[
(Im ⊗ΘD) + ε(W ⊗ΘΓ)

]
U(t)

= −α(1− ϱ)2p

1 + ϱ

n∑
k=1

(
σk(L, t)

)T

(ΘkdkIm + εΘkγkW )σ̃k(L, t)

− β(1− ϱ)2q

1 + ϱ

n∑
k=1

(
σk(L, t)

)T

(ΘkdkIm + εΘkγkW )σ̂k(L, t)

≤ −α(1− ϱ)2p

1 + ϱ
λmin(Π)

m∑
r=1

(Vr(t))
p − β(1− ϱ)2q

1 + ϱ
λmin(Π)

m∑
r=1

(Vr(t))
q. (14)
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Considering Lemma 3, for 0 ≤ p < 1,

m∑
r=1

(
Vr(t)

)p

≥
( m∑

r=1

Vr(t)
)p

,

and for q > 1,
m∑
r=1

(
Vr(t)

)q

≥ m1−q
( m∑

r=1

Vr(t)
)q

,

submit them into the inequality (14),

σT (L, t)
[
(Im ⊗ΘD) + ε(W ⊗ΘΓ)

]
U(t)

≤ −α(1− ϱ)2p

1 + ϱ
λmin(Π)V p(t)− β(1− ϱ)2q

1 + ϱ
λmin(Π)m1−qV q(t). (15)

Substituting (8)–(15) into equation (7), for σ(x, t) ∈ Rnm\{0nm},

V̇ (t) ≤
∫ L

0

σT (x, t)
[
Im ⊗

(
[ΘA]s + ρ∥[ΘB]s∥In

)]
σ(x, t)dx

− π2

2L2

∫ L

0

σT (x, t)Πσ(x, t)dx+ ε

∫ L

0

σT (x, t)[W ⊗ΘΓ̂]sσ(x, t)dx

− 2α(1− ϱ)2p

1 + ϱ
λmin(Π)V p(t)− 2β(1− ϱ)2q

1 + ϱ
λmin(Π)m1−qV q(t)

=

∫ L

0

σT (x, t)Σσ(x, t)dx− α̃V p(t)− β̃V q(t).

Additionally, according to the matrix decomposition theory, there exists a real invertible matrix M such that
Θ = MTM , then ∫ L

0

σT (x, t)Σσ(x, t)dx

=

∫ L

0

(
(Im ⊗M)σ(x, t)

)T

(Im ⊗M−1)TΣ(Im ⊗M−1)
(
(Im ⊗M)σ(x, t)

)
dx

≤ λmax(Σ̃)

∫ L

0

(
(Im ⊗M)σ(x, t)

)T(
(Im ⊗M)σ(x, t)

)
dx.

Thus, we have

V̇ (t) ≤ λmax(Σ̃)V (t)− α̃V p(t)− β̃V q(t).

If λmax(Σ̃) ≤ 0, all σ(x, t) ∈ Rnm\{0nm} correspond to case (1) in Lemma 3. In this case, the fixed-time
synchronization of the network (1) is guaranteed within the time T̄1.

Similarly, if p + q = 2 and 0 < λmax(Σ̃) < 2

√
α̃β̃, this corresponds to case (2) in Lemma 3. Then, the

network (1) is synchronized within the time T̄2.

Remark 4. It is noteworthy that most existing studies on the boundary synchronization of STCNs have focused
exclusively on Neumann boundary conditions[15–19,29]. Nonetheless, Lemma 1 cannot be directly applied under
Neumann boundary conditions, and these studies necessitate complex variable transformations in their theoretical
analyses. In contrast, Theorem 1 of this article utilizes mixed boundary conditions, which not only eliminates the
need for variable transformation but also simplifies the analytical procedure. In addition, the synchronization
criteria derived here are easier to verify than those presented in previous works [15–19,29].

Next, consider a special case for STCNs (1) without spatial diffusion coupling, i.e., ε
m∑
j=1

wrjΓ∆zj(x, t) = 0.

Here, the mixed boundary conditions corresponding to system (1) with state coupling are redefined as

zr(0, t) = 0n,
∂zr(x, t)

∂x

∣∣∣
x=L

= Ûr(t),
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where t ∈ [0,+∞), Ûr(t) = (Û1
r (t), Û

2
r (t), . . . , Û

n
r (t))

T is designed by

Ûr(t) =

{
− αΨ̂r(L, t)V̂

p̂
r (t)− βΨ̂r(L, t)V̂

q̂
r (t), σr(L, t) ̸= 0n,

0n, σr(L, t) = 0n,
(16)

where α, β > 0 and 0 ≤ p̂ < 1, q̂ > 1, and

V̂r(t) =

∫ L

0

qT (σr(x, t))q(σr(x, t))dx,

Ψ̂r(L, t) =
( sign(q(σ1

r(L, t)))

| q(σ1
r(L, t)) |

,
sign(q(σ2

r(L, t)))

| q(σ2
r(L, t) |

, . . . ,
sign(q(σn

r (L, t)))

| q(σn
r (L, t))) |

)T

.

Theorem 2. Under Assumption 1 and the quantized boundary controller (16), the following results can be derived.
(1) If λmax(Υ) ≤ 0, the controlled network (1) without spatial diffusion coupling is fixed-time synchronized

and
T ∗ ≤ T̂1 =

π

α̂(q̂ − p̂)

( α̂
β̂

)ν

csc(νπ),

where ν = 1−p̂
q̂−p̂ , α̂ = λmin(D)α(1−ϱ)2p̂

1+ϱ , β̂ = m1−q̂λmin(D)β(1−ϱ)2q̂

1+ϱ .

(2) If p̂+ q̂ = 2 and 0 < λmax(Υ) < 2

√
α̂β̂, the controlled network (1) without spatial diffusion coupling is

fixed-time synchronized and

T ∗ ≤ T̂2 =
1

q̂ − 1

2√
4α̂β̂ − λ2

max(Υ)

(π
2
+ arctan

( λmax(Υ)√
4α̂β̂ − λ2

max(Υ)

))
.

Proof. Construct the following function

V̂ (t) =
1

2

∫ L

0

σT (x, t)σ(x, t)dx.

For σ(x, t) ∈ Rnm\{0nm} and ε
m∑
j=1

wrjΓ∆zj(x, t) = 0,

˙̂
V (t) =

m∑
r=1

∫ L

0

σT
r (x, t)

[
D∆σr(x, t) +Aσr(x, t) +Bf̃(σr(x, t))

]
dx

+ ε

m∑
r=1

m∑
j=1

∫ L

0

σT
r (x, t)wrjΓ̂σj(x, t)dx. (17)

Using the technique of integration by parts and the mixed boundary conditions,

m∑
r=1

∫ L

0

σT
r (x, t)D∆σr(x, t)dx

= σT (L, t)(Im ⊗D)Û(t)−
∫ L

0

(∂σ(x, t)
∂x

)T

(Im ⊗D)
(∂σ(x, t)

∂x

)
dx, (18)

where Û(t) = (ÛT
1 (t), ÛT

2 (t), . . . , ÛT
m(t))T .

By utilizing Lemma 1,

−
∫ L

0

(∂σ(x, t)
∂x

)T

(Im ⊗D)
(∂σ(x, t)

∂x

)
dx

≤ − π2

4L2

∫ L

0

σT (x, t)(Im ⊗D)σ(x, t)dx. (19)

9 of 16



Shi et al. Intell. Control 2025, 1(1), 3

Using the boundary controller (16), Lemma 3, and sign(q(σk
r (ν, t))) = sign(σk

r (ν, t)), we have

σT (L, t)(Im ⊗D)Û(t)

= −α̂

m∑
r=1

n∑
k=1

σk
r (L, t)dksign(q(σk

r (L, t)))

| q(σk
r (L, t)) |

(V̂r(t))
p̂

− β̂

m∑
r=1

n∑
k=1

σk
r (L, t)dksign(q(σk

r (L, t)))

| q(σk
r (L, t)) |

(V̂r(t))
q̂

≤ −λmin(D)
α(1− ϱ)2p̂

1 + ϱ
(

m∑
r=1

V̂r(t))
p̂ − λmin(D)m1−q̂ β(1− ϱ)2q̂

1 + ϱ
(

m∑
r=1

V̂r(t))
q̂. (20)

Substituting (18)–(20) into equation (17), one has

˙̂
V (t) ≤

∫ L

0

σT (x, t)
[
Im ⊗ (A+ ρ∥B∥In) + εW ⊗ Γ̂

]
σ(x, t)dx

− π2

4L2

∫ L

0

σT (x, t)(Im ⊗D)σ(x, t)dx

− α(1− ϱ)2p̂

1 + ϱ
λmin(D)V p̂(t)−m1−q̂ β(1− ϱ)2q̂

1 + ϱ
λmin(D)V q̂(t)

=

∫ L

0

σT (x, t)Υσ(x, t)dx− α̂V̂ p̂(t)− β̂V̂ q̂(t)

≤ λmax(Υ)V̂ (t)− α̂V̂ p̂(t)− β̂V̂ q̂(t),

for σ(x, t) ∈ Rnm\{0nm}.
If λmax(Υ) ≤ 0, all σ(x, t) ∈ Rnm\{0nm} correspond to case (1) in Lemma 3. In this case, the network (1)

is synchronized within the time T̂1.

Similarly, if p̂ + q̂ = 2 and 0 < λmax(Υ) < 2

√
α̂β̂, this corresponds to case (2) in Lemma 3. Then, the

fixed-time synchronization of network (1) is guaranteed within the time T̂2.

Remark 5. In [30,31,41], the limited-time boundary synchronization of STCNs with mixed boundary conditions
was investigated using the Lyapunov method. Notably, the boundary controllers proposed by them comprise a

linear feedback term −kσr(L, t) or
∫ L

0
kσr(x, t) with k > 0 and two power-law terms

−k1σr(L,t)∥(σr(x,t))∥δ
L2

∥(σr(L,t))∥2

(k1 > 0, 0 < δ < 1) and
−k2σr(L,t)∥(σr(x,t))∥θ

L2

∥(σr(L,t))∥2 (k2 > 0, θ > 1). Consequently, the differential inequality V̇ (t) ≤
ϕV (t) − ϕ1V

p(t) − ϕ2V
q(t) was derived, where ϕ < 0 is a necessary condition for achieving synchronization.

However, the condition ϕ < 0 may be restrictive in practical applications. Moreover, recent studies in [33,35]
have demonstrated that fixed-time synchronization can also be achieved using the controllers comprised of pure
power-law forms. Inspired by this, ϕ is set to an arbitrary constant, and the pure power-law boundary controllers (4)
and (16) without linear feedback are designed in this paper. In the analysis of Theorems 1 and 2, these power-law
terms yield two key terms −α̃V p(t) and −β̃V q(t) (−α̂V̂ p̂(t) and −β̂V̂ q̂(t)), which determine the convergence at a
fixed time.

Remark 6. It should be noted that limited-time quantized synchronization problems have been explored in [23,24,35].
Nonetheless, the dynamic evolution of their concerned system depends only on temporal variables, rather than
being co-determined by both time and space. Furthermore, although [20,42] addressed asymptotic or fixed-time
synchronization of STCNs through quantized boundary control, these studies primarily focused on state coupling
while neglecting the essential role of spatial diffusion coupling. Consequently, the issue and the system examined in
this paper are more general.

4. Numerical Simulations

In this section, two numerical examples are presented to demonstrate the effectiveness of the fixed-time
synchronization results.
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Example 1. Consider a three-dimensional spatiotemporal system

∂ξ(x, t)

∂t
= D

∂2ξ(x, t)

∂x2
−Aξ(x, t) +Bf(ξ(x, t)), (21)

and a spatiotemporal network with 50 nodes whose dynamic is described as

∂zr(x, t)

∂t
=D∆zr(x, t)−Azr(x, t) +Bf(zr(x, t))

+ ε

50∑
j=1

wrjΓ∆zj(x, t) + ε

50∑
j=1

wrjΓ̂zj(x, t), r = 1, 2, . . . , 50, (22)

where zr(x, t) = (z1r (x, t), z
2
r (x, t), z

3
r (x, t))

T , (x, t) ∈ [−1, 1] × [0,+∞). The corresponding parameters are
listed in Table 1.

Table 1. Parameters.

System Parameters

ε = 0.02, A = I3, D = 0.5I3, Γ = Γ̂ = I3,
f(ξ) = (tanh(ξ1), tanh(ξ2), tanh(ξ3))T ,

B =

 2 −1.2 3.5

2.0 2.71 3.9

−4.8 −1.5 1.1

,

W generated by the NW algorithm where all edge weights are equal to 1.

The Initial and Boundary Conditions

ξ(−1, t) = ∂ξ(x,t)
∂x

∣∣
x=1

= 03,
zr(−1, t) = 03,

∂zr(x,t)
∂x

∣∣
x=1

= Ur(t),
ξ(x, 0) = (ξ1(x, 0), ξ2(x, 0), ξ3(x, 0))T = (0.01, 0.05, 0.1)T ,

zr(x, 0) = (z1r(x, 0), z
2
r(x, 0), z

3
r(x, 0))

T are randomly determined in [−5, 5].

Control Parameters in Theorem 1

Control parameters: α = 20, β = 25, p = 0.95, q = 1.05.
Quantization parameters: η = 0.8 τ0 = 30.

Control Parameters in Theorem 2

Control parameters: α = 18, β = 12, p̂ = 0.9, q̂ = 1.1.
Quantization parameters: η = 0.5 τ0 = 30.

The topology of the system (22) is represented as an undirected graph randomly generated by the NW algorithm,
where all edge weights are equal to 1, as illustrated in Figure 1. In the absence of quantized boundary control,
the trajectories of σr(x, t) = zr(x, t) − ξ(x, t) are demonstrated in Figure 2. In the following, the fixed-time
synchronization of system (22) is established under the boundary controller (4). By selecting the control parameters
listed in Table 1, it is straightforward to verify that Π > 0 when Θ = I3. Through simple calculation, we have

λmin(Π) = 0.2658, λmax(Σ̃) = 5.2585 < 2

√
α̃β̃ = 13.6888. According to Theorem 1, the network (22) is

fixed-time synchronized within T̄2 = 6.2194. The synchronization trajectories of σr(x, t) = zr(x, t)− ξ(x, t) are
depicted in Figure 3.
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Figure 1. Topology structure of the network (22).
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Figure 2. The evolution of the error σi
r(x, t) and q(σi

r(x, t)) without control.

Figure 3. Synchronization evolution under quantized boundary controller (4).
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Example 2. Consider the spatial diffusion coupling ε
m∑
j=1

wrjΓ∆zj(x, t) = 0 in system (22). The dynamical

evolution of synchronization error without control is demonstrated in Figure 4. To verify fixed-time synchronization
of the STCN (22) with state coupling under quantized boundary controller (16), the control parameters listed in

Table 1 are selected. It is straightforward to calculate that λmax(Υ) = 5.2585 < 2

√
α̂β̂ = 8.0573. According to

Theorem 2, the STCN (22) with state coupling is fixed-time synchronized within T̂2 = 7.4757. The simulation results
are presented in Figure 5.

0 2 4 6 8 10

t

-7

-6

-5

-4

-3

-2

-1

0

1

ri (x
,t)

, i
=1

,2
,3 1

(1,t)
2
(1,t)

3
(1,t)

Figure 4. The evolution of the synchronization error σi
r(x, t) without control.

Figure 5. Synchronization evolution under quantized boundary controller (16).

Remark 7. This article presents two numerical examples to verify the effectiveness of Theorems 1 and 2. First,
the dynamical evolution of synchronization error without control is illustrated in Figures 2 and 4. As shown in the
figures, the STCN (22) with and without spatial diffusion coupling fails to achieve fixed-time synchronization without
control. Meanwhile, the dynamical evolution of synchronization error under the boundary controllers (4) and (16)
is demonstrated in Figures 3 and 5, respectively. It can be seen from the figures that the error states converge to
zero within the estimated time T̄2 = 6.2194 and T̂2 = 7.4757.
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5. Conclusions

This article investigated the fixed-time synchronization of coupled STCNs with mixed boundary conditions
through quantized boundary control. For the STCNs with or without spatial diffusion coupling, two effective
quantized boundary controllers with pure power-law forms were devised, which are more economical and easier to
implement than the full-domain controller presented in [7,8,10]. Utilizing these control schemes and the fixed-time
stability theorem, several synchronization criteria were derived for STCNs with or without spatial diffusion coupling,
which are more flexible and easier to verify compared to those proposed in [30,31].

It should be noted that the numerical simulation in this paper relies on idealized models (such as perfect
actuators and noise-free measurements). Real-world disturbances (e.g., sensor noise, uncertain parameters, actuator
delays, and faults) may not be adequately represented. Additionally, recent advancements in quantized fixed-
time synchronization have been extensively applied in image encryption and the thermal propagation control of
semiconductor power chips [35,43], providing a framework for the practical application of the theoretical results
presented in this article. Meanwhile, the boundary prescribed-time stabilization for STCNs has begun to emerge
as an active research field [44]. These developments motivate us to explore robust prescribed-time boundary
synchronization and its applications in STCNs subject to disturbances in our future work.
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