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1. Introduction

The study of grey-body factors of black holes has become an essential part of modern black hole physics, as
they encode the frequency-dependent transmission probabilities of radiation through the effective potential barrier
surrounding the black hole. While Hawking radiation [1] is often approximated as purely thermal, the actual
spectrum is modified by these grey-body factors, which depend sensitively on the black hole geometry, the nature
of the perturbing field, and the underlying gravitational and matter theory [2—4]. Thus, understanding grey-body
factors is indispensable both for probing quantum properties of black holes and for identifying possible signatures
of physics beyond the standard Einstein—-Maxwell framework.

Despite the existence of numerous exotic models of nonlinear electrodynamics, many of which either lack a
well-defined weak-field limit or are introduced purely as phenomenological extensions, in this work we restrict
our attention to the physically well-motivated Euler—Heisenberg electrodynamics [5]. One of the most remarkable
predictions of the Euler—Heisenberg Lagrangian is the possibility of light-by-light (photon—photon) scattering in
vacuum, a purely quantum effect absent in classical electrodynamics. The theoretical foundations for this process
were first laid in [6] and have since been developed extensively, with modern collider experiments providing growing
evidence for its realization [7,8]. Consequently, Euler—Heisenberg electrodynamics serves not only as a theoretically
robust model but also as a phenomenologically relevant one, firmly rooted in the established framework of QED. For
these reasons, it constitutes a natural and compelling setting in which to explore the grey-body factors and Hawking
radiation of charged black holes. When coupled to Einstein gravity, the resulting Einstein—Euler—Heisenberg (EEH)
theory describes charged black holes whose structure departs from the standard Reissner—Nordstrom solutions.
These deviations, though typically small, may have profound implications for both the stability and observable
properties of such black holes [9-12].

From the perspective of Hawking radiation, the presence of nonlinear electromagnetic corrections modifies the ef-
fective potential felt by quantum fields, and consequently, the grey-body factors. This raises several important questions:
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How do QED-induced nonlinearities alter the transmission probabilities compared to the classical Einstein—-Maxwell
case? Can these modifications be significant in the strong-field regime near the event horizon?

In addition, grey-body factors in the EEH background are closely connected to the quasinormal mode spectrum,
via the relation between transmission/reflection amplitudes and the poles of the scattering matrix [13]. Thus, the
study of grey-body factors not only complements the analysis of black hole perturbations but also provides an
independent check of the stability and dynamical response of EEH black holes. Finally, as grey-body factors enter
directly into the calculation of energy and charge emission rates, their study is essential for realistic modeling of
Hawking evaporation in nonlinear electrodynamics settings. In this work, we make the first step in this direction
and focus on the grey-body factors of neutral scalar and Dirac field in the background of the charged black holes in
the Einstein—Euler—Heisenberg theory.

2. The Black Hole Background

Black hole spacetimes arising from nonlinear electrodynamics (NED) have received considerable attention as
physically motivated modifications of classical general relativity. Unlike Maxwell’s theory, certain NED models are
capable of producing regular or modified black hole solutions without invoking exotic matter or quantum gravity
corrections. One prominent example is the Euler—Heisenberg effective Lagrangian, which encapsulates quantum
corrections to electrodynamics due to vacuum polarization in strong fields and leads to modified electromagnetic
dynamics at the classical level.

In this work, we study the Euler—Heisenberg electrodynamics coupled to general relativity. This setting yields
a static, spherically symmetric black hole solution that modifies the classical Reissner—Nordstrom geometry at small
radii while preserving asymptotic flatness. The corresponding action takes the form [13]
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where ¢ is the determinant of the metric tensor, R is the Ricci scalar, and F' = %FWF‘“’, G = %F}W *FRY,
with F},, standing for the electromagnetic field strength tensor; « is the fine structure constant and m,. is the
electron mass.

The static, spherically symmetric solution sourced by a purely electric field in this theory reads:
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where the lapse function is given by
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Here, M and @) represent the ADM mass and electric charge of the black hole, respectively. The final term
arises from the Euler—Heisenberg correction and becomes significant in the strong-field regime near the black hole.

In the limit ¢ — 0, the standard Reissner—Nordstrom solution is recovered. However, for finite a, the effective
geometry exhibits important deviations in the near-horizon region, modifying both the location of the horizons and
the behavior of perturbations. Importantly, the solution remains asymptotically flat, making it a suitable setting for
studying quasinormal ringing using standard boundary conditions [9].

To probe the dynamics of this background, we consider linear test field perturbations of scalar and Dirac types.
The wave equations for these fields reduce, after suitable separation of variables, to Schrodinger-like forms:

2
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where 7. is the tortoise coordinate defined by dr./dr = 1/f(r), and V(r) is the effective potential depending on
the spin of the field and the background geometry.
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For a minimally coupled scalar field, the effective potential is given by

i(J+1 "(r
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where j is the multipole number and  is the scalar field mass.
For a massive Dirac field propagating in the background metric (3), the effective potentials V1 (r) are given by
dW (r)
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The superpotential W (r) for a massive Dirac field takes the form
W(r) ==/ f(r), ®)

where k = £(j + 1/2) with j = 1/2,3/2,5/2, ... being the total angular momentum quantum number, and  is
the mass of the Dirac field. The two potentials V, (r) and V_(r) are supersymmetric-like partners and lead to the
same spectrum of quasinormal frequencies.

In the following sections, we aim to calculate grey-body factors of the scalar and Dirac fields in the background
of the charged black hole with corrections originating from the non-linear electrodynamics.

3. Grey-Body Factors and the WKB Method

Hawking radiation emitted by black holes is not exactly thermal. The radiation spectrum measured at infinity is
filtered by the effective potential barrier surrounding the black hole, so that only a portion of the originally produced
particles escape to infinity. This modification of the pure thermal spectrum is described by the so-called grey-body
factors. For a given frequency w and multipole number j, the grey-body factor I'; (w) is defined as the transmission
probability for a wave to tunnel through the effective potential barrier. Thus, the differential energy emission rate of
a black hole takes the form [1]

d*’E Tj(w) w
= — 9
dw dt Z 2 ew/Tm 11’ ©)
where T is the Hawking temperature and the sign in the denominator corresponds to bosonic (—) or fermionic
(+) statistics, respectively, for the scalar and Dirac field. The grey-body factors therefore play a crucial role in
determining both the intensity and spectral shape of Hawking radiation.
The asymptotic boundary conditions are
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The grey-body factor is then given by
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where A;, and A,y are the amplitudes of the incoming and reflected waves, respectively, and Ay, corresponds to
the transmitted flux.

Direct numerical integration of the wave equation provides precise values for I';(w), but an efficient and
widely used semi-analytic method is the Wentzel-Kramers—Brillouin (WKB) approximation. The WKB technique,
originally adapted to calculations of quasinormal modes and grey-body factors of black holes in [14—16], yields
analytic expressions for the transmission and reflection coefficients by matching the asymptotic solutions across the
classically forbidden region around the potential barrier.

In its commonly employed form, the WKB method expands the transmission coefficient near the peak of the
effective potential. At leading order, the grey-body factor is given by [14]

1

~ 12
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Ij(w)
where, in the eikonal limit & depends on Vj the height of the potential barrier and V{j’ the second derivative of the
potential with respect to the tortoise coordinate evaluated at the maximum. Higher-order corrections, incorporating
third and higher derivatives of V'(r), systematically improve the accuracy of the method and are usually expressed
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via Padé resummation [17, 18]. Here we used the 6th order formula [16] without using Padé resummation, because
it is not straighforward for grey-body factors, unlike the case of quasinormal modes [17]. This method has
been widely used for finding quasinormal modes and grey-body factors in numerous publications (see, for recent
examples [19-23] and a review [18]).

The WKB approach provides reliable results for moderate to large multipole numbers j and for frequencies
near or above the peak of the effective potential, making it particularly suitable for estimating grey-body factors in
the semi-classical regime relevant to Hawking evaporation. Although less accurate for very low frequencies, where
numerical methods are preferable, it remains a valuable analytic tool that offers physical insight into the scattering
process. The analytic approximation for the quasinormal modes of a scalar field can be seen in Appendix A.

Recent work [24] has established a direct correspondence between grey-body factors and the lowest quasinor-
mal modes of black holes. In the eikonal regime, the grey-body factor can be expressed as

- <27r(Q2 — Re(wp)?) )1 - |

() ~ 4Re(wo) Im(wp)

where wy is the fundamental quasinormal frequency. For moderate values of the multipole number j, the accuracy
of this formula can be significantly improved by including the first overtone w; via the correction
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so that I'; () = [1+€2™ K] ~L. Higher-order refinements involving additional terms A and A ; further enhance the
precision, showing that the grey-body spectrum is largely determined by the fundamental mode and its first overtone.
This correspondence has been tested for a number of cases [25-30] and extended to rotating black holes [31] and
wormbholes [32].

4. Interpretation of Results

The grey-body factors obtained in the Einstein—Euler—Heisenberg black hole background exhibit a consistent
dependence on the physical parameters of the system, and their behavior can be directly traced to modifications of
the corresponding effective potentials.

Figure 1 illustrates the effect of the Euler—Heisenberg coupling a on the effective potential for scalar perturba-
tions with 5 = 1. As a increases, the height of the potential barrier decreases, especially in the near-horizon region,
leading to enhanced transmission probabilities. This trend is reflected in the grey-body factors for j = 0 scalar
perturbations shown in Figure 2, where larger values of a correspond to systematically larger grey-body factors
across the frequency range considered.

The comparison between the sixth-order WKB approximation and the correspondence with quasinormal modes
(QNM) is shown in Figures 3-5. For both 5 = 1 and j = 2 scalar perturbations, the agreement between the two
methods is remarkably good in the frequency domain where the WKB approximation is expected to be reliable.
The right panels demonstrate that the discrepancies remain small, typically at the sub-percent level, confirming the
robustness of the QNM correspondence in this nonlinear electrodynamics setting. The effect of the black hole charge
@ is also evident: increasing () raises the potential barrier, thereby reducing transmission, but this suppression can
be mitigated by higher values of the Euler—Heisenberg coupling.

For Dirac perturbations, the qualitative picture is similar. As shown in Figure 6, both j = 1/2 and j = 3/2
modes exhibit larger grey-body factors when the coupling a is increased, reflecting the lowering of the effective
barrier. The role of the black hole charge is demonstrated in Figure 7, where decreasing () enhances the transmission,
while the comparison with the QNM correspondence again shows excellent agreement within the WKB validity
range. The supersymmetric nature of the Dirac potentials ensures that V. (r) and V_(r) lead to identical grey-body
factors, which we have confirmed numerically.

In summary, the results show that nonlinear QED corrections encoded in the Euler—Heisenberg coupling a
systematically enhance grey-body factors for both scalar and fermionic fields. Since grey-body factors directly
determine the intensity and spectral distribution of Hawking radiation, this implies that charged black holes in the
Einstein—Euler—Heisenberg theory may evaporate more efficiently than their Reissner—Nordstrém counterparts.
The good agreement with the QNM correspondence further supports the reliability of semi-analytic approaches in
this context.
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Figure 1. Effective potentials for j = 1 scalar perturbations: M = 1, Q@ = 0.902, a = 0 (black), a = 3 (red), and
a = 5 (blue).
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Figure 2. Grey-body factors for j = 0 scalar perturbations calculated by the 6th order WKB formula. Here we have
M =1,Q = 0.902, a = 0 (black), a = 1 (blue), and a = 3 (green).
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Figure 3. Grey-body factors for j = 2 scalar perturbations calculated by the 6th order WKB formula and by the
correspondence with QNMs (left), and the absolute difference between the data obtained by the two methods (right).
Here we have M = 1, a = 0 (black), a = 3 (blue), and a = 10 (green).
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Figure 4. Grey-body factors for j = 1 scalar perturbations calculated by the 6th order WKB formula and by the
correspondence with QNMs (left), and the absolute difference between the data obtained by the two methods (right).
Here we have M = 1, a = 1, Q = 0.902 (black), @ = 0.6 (blue), and @ = 0 (green).
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Figure 5. Grey-body factors for j = 2 scalar perturbations calculated by the 6th order WKB formula and by the
correspondence with QNMs (left), and the absolute difference between the data obtained by the two methods (right).
Here we have M = 1, a = 1, Q = 0.902 (black), @ = 0.6 (blue), and @ = 0 (green).
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Figure 6. (Left): Grey-body factors for j = 1/2 Dirac perturbations calculated by the 6th order WKB formula.
Here we have M = 1, a = 1, @ = 0.902 (black), @Q = 0.6 (blue), and Q = 0 (green). (Right): Grey-body factors
for ;7 = 3/2 Dirac perturbations calculated by the 6th order WKB formula. Here we have M = 1, Q = 0.902,
a = 0 (black), a = 3 (blue), and a = 8 (green).
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Figure 7. Grey-body factors for j = 3/2 Dirac perturbations calculated by the 6th order WKB formula and by the
correspondence with QNMs (left), and the absolute difference between the data obtained by the two methods (right).
Here we have M = 1, a = 1, Q = 0.902 (black), @ = 0.6 (blue), and @@ = 0 (green).

5. Conclusions

In this work we have carried out the first analysis of grey-body factors for neutral scalar and Dirac fields in the
background of charged black holes within the Einstein—Euler—Heisenberg theory. By employing the sixth-order
WKB approximation and comparing with the recently established correspondence between grey-body factors and the
lowest quasinormal modes, we have demonstrated that nonlinear QED corrections, parameterized by the coupling
a, systematically enhance the transmission probabilities through the effective potential barrier. This enhancement
is especially significant in the low-frequency regime, where the Hawking emission spectrum is most sensitive to
grey-body suppression.

Our study shows that the grey-body factors in the EEH background are largely determined by the interplay
between the black hole charge () and the Euler-Heisenberg coupling a, with the latter reducing the effective barrier
height and thereby amplifying the emission rate. Since grey-body factors enter directly into the calculation of
Hawking fluxes, the results obtained here provide a useful basis for estimating the intensity and spectral distribution
of Hawking radiation in nonlinear electrodynamics scenarios.

It should be emphasized that the present analysis focuses only on neutral test fields. A more realistic and
physically rich problem is the study of charged perturbations in the Einstein—Euler—Heisenberg background.
The inclusion of field—background interactions, charge coupling, and superradiant effects is expected to lead to
qualitatively new phenomena. We leave this direction for future work, noting that such an extension would be
essential for a complete understanding of evaporation processes and possible observational signatures of nonlinear
electrodynamics around black holes.

Thus, our results represent an initial step towards incorporating quantum electrodynamical corrections into
black hole radiation spectra. By combining grey-body factors with the established framework for quasinormal
modes, this approach paves the way for future studies aimed at refining the predictions of Hawking evaporation
rates in strongly curved and nonlinearly corrected spacetimes.
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Appendix A. Analytic Expression for the Scalar Quasinormal Modes

k1

Using the general approach developed in [33] we expand the position of the potential peak into the powers of
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Then, using the higher order WKB formula for the quasinormal frequency w, we find,
iK (—940K” —313)  —60K?2 + 29 LK iK
w = —
46656+/3M K2 1296v3M~k  3v/3M  3v/3M
L0 K iK iK (1100K? 4 305) N 204K° + 31
18V3M3  54+/3M3 279936+/3 M3 k2 23328+/3M3k
Lo iK (a (60400K? + 114196) + 9M?* (—9868K> — 3553))
30233088v/3M 7 k2
Lda (300K 4 1223) — 9M? (—5244K7 4 317)
7558272v/3M 7k

k(117TM? — 4a) | iK(81M° — 68a)) N O(Q(s’ 1 > 7

+ R
5832v/3M7 17496+/3M7 K3

for the quasinormal modes (where k = j + 1/2, K = n 4 1/2). Using the correspondence between quasinormal
modes and grey-body factors, one can easily find an approximate analytic expression for the latter. However, for the
Dirac fields the analytic expressions are cumbersome.
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