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Abstract: A recently proposed model incorporating a series of higher-curvature cor-
rections allows for analytic black-hole solutions at each order of the expansion, with a
fully regular black hole emerging in the limit of infinite number of terms. An important
question that arises within this framework is how rapidly the series converges. For those
classical observables, which are primarily determined by the geometry near the peak of
the effective potential, it has been previously shown that the series converges remarkably
fast, often within the first two orders. However, this rapid convergence does not extend to
quantities such as Hawking radiation, which are highly sensitive to the geometry near the
event horizon. Although each successive order yields a result that is significantly closer to
that of the full infinite series, several terms are typically required to obtain a sufficiently
accurate approximation of the regular black hole in this context.
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1. Introduction

The problem of resolving black-hole singularities has motivated the exploration of gravitational theories beyond
general relativity (GR). Among these, higher-curvature corrections to the Einstein–Hilbert action provide a natural
path for ultraviolet completions of GR. In this context, a particularly promising framework is offered by the class of
higher-dimensional quasi-topological gravities [1–5], which enable the construction of static, spherically symmetric
black hole solutions through analytic methods at every order in the curvature. Recently, it was demonstrated that
an infinite series of such corrections leads to a fully regular black hole geometry without requiring any additional
matter fields [6]. Unlike earlier regular black hole models based on exotic matter content, this approach achieves
singularity resolution purely within the gravitational sector, with a controlled effective field theory interpretation.

A recent breakthrough in higher-curvature gravity shows that an infinite tower of quasi-topological corrections
can dynamically lead to the formation of regular black holes during gravitational collapse [7]. Unlike earlier ad
hoc or matter-supported constructions, this approach provides a singularity-free, geodesically complete spacetime
purely from modified gravitational dynamics, and admits an analytic treatment of thin-shell collapse within a fully
consistent theory [8].

A key advantage of this construction is that it admits analytic black-hole solutions at each order of the curvature
expansion. This allows a systematic study of the convergence behavior of physical observables computed in the
truncated theories toward those in the full (resummed) geometry. In particular, classical observables that probe the
region near the peak of the effective potential—such as quasinormal frequencies or photon sphere characteristics—
were found in [9] to converge rapidly, often already at second order in the curvature. However, quantum processes
like Hawking radiation, which are sensitive to the near-horizon geometry, exhibit a slower convergence pattern. This
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raises the important question of how many terms in the curvature expansion are required to accurately approximate
the semiclassical radiation spectrum of the regular black hole.

In this work, we address this issue by comparing the grey-body factors and Hawking radiation emission
rates for black holes arising in the infinite-series higher-curvature theory with those in the truncated theories.
Our analysis quantifies how the radiation spectra computed from finite-order truncations approach the full-theory
result, and identifies the minimum number of terms required to reproduce the features of the regular solution with
reasonable accuracy.

The paper is organized as follows. In Section 2, we briefly review the black-hole solutions arising in a
gravitational theory with an infinite series of higher-curvature corrections, focusing on the structure of the metric
and its truncation at finite order. In Section 3, we describe the numerical method used to compute grey-body factors
and Hawking radiation, including the near-horizon expansion and asymptotic fitting procedures. Section 4 presents
a comparative analysis between the full regular black hole and its finite-order approximations, highlighting the
convergence behavior of physical observables such as the Hawking temperature and radiation spectrum. Finally,
Section 5 summarizes our findings and discusses their implications for the viability of truncated higher-curvature
models in capturing quantum near-horizon effects.

2. Black Holes in a Theory with Infinite Tower of Higher Curvature Corrections

Following [6], the action of the Einsteinian theory with N terms of the higher-curvature corrections has the form

IQT =
1

16πG

∫
dDx

√
|g|

[
R+

N+1∑
n=2

αnZn

]
, (1)

where αn are arbitrary coupling constants with dimensions of length2(n−1) and Zn are the quasi-topological
densities [10]. These higher-curvature terms allow for analytic black hole solutions at each order of the expansion.

The spherically symmetric D-dimensional black hole is given by the following metric:

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2

D−2 , (2)

f(r) ≡ 1− r2ψ(r) ,

such that ψ(r) satisfies
h(ψ(r)) =

µ

rD−1
, (3)

where µ is the positive constant proportional to the ADM mass. This functional form of h(ψ) arises naturally from
the field equations associated with the action (1), as the following sum:

h(ψ) ≡ ψ +

N+1∑
n=2

αnψ
n . (4)

When all the coupling coefficients vanish, the metric reduces to the D-dimensional generalization of the
vacuum Einstein solution, known as the Tangherlini metric [11]. Hawking radiation from those higher-dimensional
black holes without taking into account higher-curvature corrections, has been extensively studied in the context of
various brane-world models [12], where the black hole’s size is assumed to be much smaller than the size of the
extra dimensions [13–15].

The values αn are arbitrary constants. Two simple ad hoc choices are [6]

αn = αn−1, (5a)

αn =
αn−1

n
, (5b)

leading to the definition of h(ψ) through partial sum of a series,

h(ψ) ≡
N+1∑
n=1

αn−1ψn +O (α)
N+1

, (6a)

h(ψ) ≡
N+1∑
n=1

αn−1

n
ψn +O (α)

N+1
. (6b)
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This definition means that we neglect the terms of the order αN+1 and higher, which correspond to the
higher-curvature corrections to the theory (1). Such a truncation allows us to examine how well a finite-order theory
approximates geometry of the full (non-truncated) theory.

The series (6) converges to

lim
N→∞

h(ψ) =
ψ

1− αψ
, (7a)

lim
N→∞

h(ψ) = − ln(1− αψ)

α
. (7b)

It follows from Equation (3) that the metric function can be represented as a series expansion with respect to α,

f(r) = 1 + r2
N+1∑
n=1

αn−1

(
−µ
rD−1

)n

+O (α)
N+1

, (8a)

f(r) = 1 + r2
N+1∑
n=1

αn−1

n

(
−µ
rD−1

)n

+O (α)
N+1

, (8b)

which approaches to the metric function with no singular points, yielding a fully regular black-hole geometry,

lim
N→∞

f(r) = 1− µr2

rD−1 + αµ
, (9a)

lim
N→∞

f(r) = 1− r2

α

(
1− exp

(
− αµ

rD−1

))
. (9b)

The metric (a) is the D-dimensional generalization of the Hayward black hole.
In order to test the approximation by a finite sum, which corresponds to the approximated theory, which takes

into account only a finite number of terms N , we compare the metric (8) and the metric (9), which corresponds to
the infinite tower of higher-order curvature corrections.

For illustrative purposes, we restrict our analysis to the emission of scalar fields, assuming that the convergence
properties for fields with higher spin do not differ significantly. The general relativistic equations for a scalar field,

1√
−g

∂µ
(√

−ggµν∂νΦ
)
= 0, (10)

after separation of variables can be reduced to the wavelike form

d2Ψ

dr2∗
+ (ω2 − V (r∗))Ψ(r∗) = 0, (11)

where the tortoise coordinate is defined as follows:

dr∗ =
dr

f(r)
. (12)

The effective potential is

V (r) = f(r)

(
ℓ(ℓ+D − 3)

r2
+

(D − 2)(D − 4)

4r2
f(r) +

D − 2

2r

df

dr

)
. (13)

The effective potential has a form of potential barrier with a single peak (see Figure 1) and defines a standard
scattering problem.
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Figure 1. Effective potential of the scalar field (ℓ = 0) for the D = 5 Hayward black hole with µ = 4/3 and
α = 1/4, which corresponds to r0 = 1 (upper, black), vs. the effective potential for the truncated metric at N = 2,
which corresponds to r0 ≈ 1.02616 (lower, red). (Left panel): the potentials in terms of the radial coordinate.
(Right panel): the potentials as functions of the corresponding tortoise coordinate.

3. Grey-Body Factors and Hawking Radiation

Hawking radiation in higher-curvature corrected theories exhibits remarkable differences compared to higher
dimensional general relativity, as even geometrically small corrections can lead to a significant—often orders of
magnitude—suppression of the radiation and consequently longer-lived black holes [16].

In order to calculate grey-body factors via the numerical integration, we introduce a new function that is
regular at the event horizon r0:

P (r) = Ψ(r)
(
1− r0

r

)iω/4πTH
, (14)

where TH is the Hawking temperature defined in a standard way,

TH =
f ′(r0)

4π
. (15)

By fixing the integration constant such that P (r0) = 1, we expand Equation (11) near the horizon to determine
P ′(r0), thereby fully specifying the initial conditions for numerical integration. We then integrate Equation (11)
numerically from the event horizon r0 to a distant point rf ≫ r0, and fit the resulting solution in the asymptotic
region using the ansatz:

P (r) = ZinPin(r) + ZoutPout(r), (16)

where the basis functions Pin(r) and Pout(r) represent incoming and outgoing waves, respectively, with the leading-
order behavior at large r given by:

Pin(r) ∝ e−iωr,

Pout(r) ∝ eiωr.

This fitting procedure yields the coefficientsZin andZout. To ensure the accuracy of the result, we systematically
increase the internal precision of the numerical integration, extend the value of rf , and include more terms in
the asymptotic expansions of Pin(r) and Pout(r). The stability of Zin and Zout under these changes confirms the
reliability of the computation.

Once the coefficients Zin and Zout are determined, the absorption probability (grey-body factor) can be
computed as follows:

|Aℓ|2 = 1− |Zout/Zin|2. (17)

Finally, using numerically found values of Aℓ we calculate the energy emission rates [17],

dE

dt
=

∞∑
ℓ=0

Nℓ

∞∫
0

|Aℓ|2
ω

exp(ω/TH)− 1

dω

2π
, (18)
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where the multiplicity factor for a scalar field in a higher-dimensional spacetime is

Nℓ =
(2ℓ+D − 3)(ℓ+D − 4)!

ℓ!(D − 3)!
. (19)

It is important to note that the emission of particles with higher multipole numbers is exponentially suppressed.
This suppression arises due to the presence of a larger centrifugal barrier in the effective potential for higher values
of ℓ, which reduces the transmission probability through the black hole’s potential barrier. As a result, in practical
calculations it is sufficient to include only the contributions from particles with the lowest few values of ℓ, since
higher-multipole modes contribute negligibly to the total flux. In the limit of vanishing higher-curvature corrections
and for the D = 4 case, we recover the grey-body factors and emission rates of the Schwarzschild black hole, both
for scalar fields and for fields of the Standard Model [18,19].

4. Finite vs. Infinite Tower of Higher-Order Curvature Corrections

Here we compare the energy-emission rates from the black hole of the same asymptotic mass µ given by finite
number and by the infinite sum of higher-order curvature corrections, that is, by the truncated metric functions (8)
and the full regular metric function (9). It is clear that, once we fix values of µ and α, the value of the event horizon
radius r0, which can be obtained by solving the equation

f(r0) = 0, (20)

differs for different orders N in (8) and (9). As a consequence, the theory with finite number of the curvature
corrections, gives only approximate values for the radius of the event horizon of the full metric. However, the
radius of the event horizon is not a gauge invariant observable, because it depends on the coordinate system under
consideration. Therefore we will study Hawking temperature (15), which is a gauge invariant quantity defined at the
horizon. In Figure 2 we illustrate the convergence of the Hawking temperature with respect to the number of the
correction terms N .

In Figure 3, we present the relative difference between the energy emission rates of a scalar field computed
using the truncated theories and that for the full theory. Hawking temperature is the main parameter governing the
emission rate. While the dominant source of this difference arises from the deviation of the Hawking temperature
from its value for the limit of regular black hole, there is an additional deviation due to the difference in grey-body
factors for the truncated and full theory. The latter arises from the fact that the effective potential used in the
truncated theory differs from that of the full theory (see Figure 1) in the near-horizon zone, leading to discrepancies
in the transmission probabilities.
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Figure 2. Relative difference between the Hawking temperature obtained at the N -th order expansion and that for
the full metric: Circles (top) for the metric (a) D = 5, α = 3µ/16 (µT 2

H = 1/12π2 ≈ 0.00844343) and stars
(bottom) for the metric (b) D = 6, α3/2 = µ/4

√
2 ln(2) (µT 3

H = (5 ln 2− 2)2 ln 2/32π3 ≈ 0.00219985).
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Figure 3. Relative difference between the scalar particles energy-emission rate obtained at the N -th order expansion
and that for the full metric: Circles (top) for the metric (a) D = 5, α = 3µ/16 and stars (bottom) for the metric (b)
D = 6, α3/2 = µ/4

√
2 ln(2). In the limit of regular black holes we have, correspondingly, µ dE

dt
≈ 0.00005503

(Hayward) and µ2/3 dE
dt

≈ 0.00005606.

It is important to note that the grey-body factors, which characterize the transmission through the potential barrier,
converge more rapidly than the Hawking temperature in the truncated theory. As shown in Figure 4, for the D = 5

Hayward black hole, the sixth-order expansion yields transmission probabilities that differ negligibly from those in the
full theory. Moreover, the convergence improves further for higher multipole numbers ℓ. Therefore, the principal reason
of slow convergence of the emission rates comes from the slow convergence of the Hawking temperature.
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Figure 4. Difference between the grey-body factors of scalar field for the D = 5 Hayward black hole with µ = 4/3

and α = 1/4 and the expansion of the order 2 (red), 3 (orange), 4 (green), 5 (blue), and 6 (cyan) for ℓ = 0 (left panel)
and ℓ = 1 (right panel).

The convergence of the grey-body factors for a black hole (b) is faster than that for (a) (at least for the chosen
values of the parameters) (see Figure 5), because the potentials in the truncated theory better approximate the
effective potential of the regular black hole (see Figure 6). Nevertheless, the the convergence is again governed by
the convergence of Hawking temperature, which is faster in this case (see Figure 2).

We observe that the effective potentials for the truncated and full theories (see Figures 1 and 6) are nearly
identical throughout the spacetime, except for a small region near the event horizon. This type of deviation has
a negligible effect on the fundamental quasinormal mode but is expected to cause increasing discrepancies for
higher overtones, as demonstrated in [20]. Since grey-body factors are classical scattering characteristics primarily
determined by the behavior of the potential near its peak, they converge as rapidly as the fundamental mode. As
shown in Figures 4 and 5, even at second order, the deviation from the full theory remains within one per cent. In
contrast, the Hawking temperature, being a quantity determined by the near-horizon geometry, converges more
slowly in truncated theories. This slower convergence directly affects the accuracy of the computed energy emission
rates, as the temperature enters exponentially in the thermal spectrum. Similarly, other non-classical phenomena
that depend sensitively on the near-horizon structure, such as particle production rates and entropy corrections, must
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be also impacted by this delayed convergence.
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Figure 5. Difference between the grey-body factors of scalar field for the D = 6 black hole (b) with µ = 2 ln 2 and
α = 1/2 and the expansion of the order 2 (red), 3 (orange), 4 (green), 5 (blue), and 6 (cyan) for ℓ = 0 (left panel)
and ℓ = 1 (right panel).
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Figure 6. Effective potential of the scalar field (ℓ = 0) for the D = 6 black hole (b) with µ = 2 ln 2 and α = 1/2,
which corresponds to r0 = 1 (upper, black), vs. the effective potential for the truncated metric at N = 2, which
corresponds to r0 ≈ 1.00964 (lower, red). (Left panel): the potentials in terms of the radial coordinate. (Right
panel): the potentials as functions of the corresponding tortoise coordinate.

Thus, although the convergence is clear, the lowest orders do not provide sufficient approximation if one
studies the near-horizon (quantum) phenomena. For example, in order to keep the relative difference with the full
theory within one per cent, for the Hayward black hole one needs to take into account at least 8 orders in curvature.

5. Conclusions

In the present work, we have not undertaken a comprehensive analysis of Hawking radiation for the full
range of regular black hole solutions and their truncated approximations. The underlying framework admits a
broad class of regular black holes characterized by a large number of parameters, which warrants a dedicated
study. Our primary focus here was on the convergence properties of the infinite series that generate regular black
hole geometries. This is particularly relevant for assessing the validity of studies that consider black holes with
various curvature expansions truncated at quadratic, quartic or higher orders [21–28]. A previous investigation of
classical observables, such as the fundamental quasinormal mode [9], demonstrated a remarkably rapid convergence,
with the relative difference already reduced to about one percent at second order. However, quantities that are
strongly dependent on the near-horizon geometry—such as the Hawking temperature and evaporation rates—do not
exhibit such exceptional accuracy. In these cases, several terms in the expansion are typically required to achieve a
reliable description.

An important question that lies beyond the scope of our present study is the stability of grey-body factors
under small static deformations of the background spacetime. In [29], the grey-body factors of the Schwarzschild
black hole deformed by localized bumps and dips—near the event horizon and in the far zone—were calculated
under the constraint that the Hawking temperature remains unchanged. It was shown there that the grey-body factors
remain largely unaffected unless the deformations are sufficiently large, or the frequency is very low, in which
case the grey-body factors are already extremely small and do not contribute to Hawking radiation. We believe
this observation is sufficiently general and should hold even in theories with higher curvature corrections. After all,
the convergence of the Hawking energy emission rate depends primarily on the temperature, and any deformation
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that modifies the Hawking temperature must originate from the underlying theory itself, rather than from ad hoc
modifications of the effective potential.

Our goal in this work was to understand the general behavior of the convergence of higher curvature corrections,
and for this reason we restricted our analysis to a test scalar field. A natural extension of this study would involve
incorporating the emission of Standard Model fields in order to obtain more realistic estimates of Hawking radiation.
Nevertheless, we expect that the qualitative features observed here will remain valid in such extended scenarios.

It is also worth mentioning that not all regular black hole metrics can be obtained via the above construction,
as was shown in [30].
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