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1. Introduction

Neural networks are computational models inspired by the structure and function of the human nervous system.
They consist of numerous interconnected nodes, similar to how neurons interact in the brain. While traditional
neural networks can map inputs to outputs, they don’t fully capture the bidirectional associations between them. In
1988, Kosko proposed BAM neural networks [ 1], which addressed this limitation. BAM neural networks feature a
dual-layer architecture that employs non-linear mapping to effectively encode the associative connections between
the input and output layers. This unique structure facilitates bidirectional retrieval of information, enhancing the
model’s ability to process and recognize complex patterns. As a result, BAM networks are widely applied in various
domains, including robotics [2], control systems [3], and pattern recognition [4], etc.

On the other hand, the memristor was first proposed by Chua [5], and its properties, such as memory, nonlinear
response, and variable resistance, have made it an ideal material for recording and updating synaptic weights. Since
both BAM neural networks and memristors exhibit characteristics similar to biological synapses, their combination
enables the construction of neural network models that closely emulate the operation of the biological brain, referred
to as bidirectional associative memory memristive neural networks (BAMMNNS) [6].

Neural networks often exhibit response delays due to their inherent structure and operation methods. Wang et al. [7]
investigated the fixed-time synchronization of discontinuous complex-valued BAM neural networks with time delays,
while Lan et al. [8] studied global exponential synchronization of BAM networks with multiple time-varying delay
intervals, these researches only focused on time-varying delays. However, real-world applications often involve
delays from various sources and types. Therefore, distributed delays are additionally considered in this work, which
enhances the model’s adaptability and predictive capability. As a result, the study of BAMMNNSs with mixed time
delays is a promising direction.
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Modern control systems consistently face challenges posed by resource constraints. Previous studies have
made significant progress in the control of BAMMNNS. For example, In 2023, Yang et al. [6] derived several
sufficient conditions for achieving fixed-time synchronization (FTS) of BAMMNNSs by designing specialized
feedback control strategies. Similarly, Chen et al. [9] developed effective complex-valued feedback control laws
with bounded gains to realize both FTS and preassigned-time synchronization (PTS). In addition, Yan et al. [10]
proposed non-chattering quantized state feedback and pinning control schemes to ensure FT'S. However, these
approaches predominantly rely on conventional feedback control frameworks, which necessitate continuous system
state monitoring and inherently lead to substantial resource consumption. In contrast, the event-triggered control
(ETC) strategy adopted in this study determines optimal sampling and control instants through well-designed
triggering rules. It executes control actions only when specific conditions are met, thereby significantly improving
resource utilization. Its characteristics have garnered significant scholarly interest and yielded excellent results
across diverse fields [11-14]. However, the current research on applying ETC to BAMMNNS remains relatively
limited, suggesting a noteworthy research space in this field that warrants further investigation.

As is well known, synchronization research plays a crucial role not only in optimizing neural network
performance but also in its interdisciplinary applications, resulting in substantial findings [6,8-12,15—17]. Among
these, [8, 15—17] have studied traditional asymptotic synchronization, where time approaches positive infinity, which
often fails to meet practical requirements. In contrast, finite-time synchronization can achieve synchronization
within a finite period, making it more valuable and extensively studied by scholars [13, 18].

Unfortunately, the settling time of finite-time synchronization is influenced by initial conditions. To address
this issue, [19] introduced the concept of fixed-time stabilization, where the system achieves stabilization within
a fixed time regardless of the initial conditions, thus demonstrating stronger stability. In recent years, significant
advancements in fixed-time stabilization and FTS have been reported across various models [10, 12—14,20,21].

Moreover, this paper also incorporates PTS, in which the synchronization convergence time can be explicitly
specified by the designer according to practical requirements, independent of the initial states or system parameters.
PTS is highly compatible with the ETC strategy, as ETC requires events to be triggered at specific time instants.
By guaranteeing that these events occur precisely at the predetermined moments, PTS enables a more accurate
simulation of the behaviouraland responsive patterns observed in biological neural systems. Based on the above, our
goal is to investigate the FTS and PTS issues of BAMMNNSs with mixed-time delays under the ETC strategy. The
main innovations are presented as follows:

(1) Unlike existing studies on BAM neural networks that focus solely on time-varying delays [8,22,23], this
paper introduces mixed delays that incorporate both time-varying and distributed delays. This approach enables a
more comprehensive simulation of complex dynamics across multiple time scales, with the advantage that these
delays do not require differentiability, thus enhancing the generality of the findings.

(2) The FTS and PTS discussed in this paper present distinct advantages over asymptotic synchronization and
finite-time synchronization [8, 13, 18,22]. In this case, the settling time is independent of initial conditions, resulting
in enhanced convergence speed and timing precision. Consequently, FT'S and PTS emerge as superior alternatives
for modern system design.

(3) Compared to the feedback control methods used in [6, 9, 10], which have the drawback of requiring
continuous data transmission, this study proposes an ETC strategy specifically designed for the unique structure of
BAM neural networks. The controller is triggered and executes control operations only under specific conditions,
effectively addressing this drawback and conserving resources.

The following outlines the organization of this paper. Section 2 presents the model and preliminary work for
mixed-time delays BAMMNNS. Section 3 provides the main results on FT'S and PTS of BAMMNNS. Numerical
simulations in Section 4 verify the effectiveness of these theoretical results. Finally, Section 5 presents the
conclusions.

Notations: In this paper, all solutions to the systems are Filippov’s solutions [1]. R™ represents an n-
dimensional Euclidean space; N denotes the set of natural numbers; co[—6, 6] denotes the convex hull of {—6, 6};
a™n = min{a’,, a? ), ™ = max{a’,, a”}. ayp = (@™ + aB¥X), Gy, = L(aP2X — MM, G, =

vn vn? vn wn 2 vn 2 vn vn

max{laj, |, a3, [}, bon = max{[b,, [, by, [}, by = min{d,,, by} by = max{by, 0} bon = 505" +

n vn vn

O5). bon = 3 (U5 = bpi), hom = max{[h, |, b1} Rt = min{hy, b} A = max{hy, . by},

n vn wn? vn wno

min

h”” = %(h’;n?in + hqr}n;;x)’ EU” = %(hgl;;x - hglriLn)’ 67“) : m%XﬂCEwL |CEva }’ C;Lngn = mirl.{CE’L’U7CELb'U}’ Cg];)lx =
max{ch,,, &y by Cno = 5 (" +EN), En = (e — "), dpw = max{|dy,, |, |dy, [}, " = min{d,,,,, dy, },

dpex = max{dy,,,d,}, dny = %(dﬂn + d™)s dpy = %(dﬁ?x — Ay, k. = max{[ky, |, [k}, [}, kit =

nuv? 7J|7 nv

min{k?,,, k%, }, k59 = max{kl,, k2, }. knp = L (kD0 4 k00%), ko, = L(KMaX — k2in) the above v € W =

nv? nuv nuv?

{1,2,...,w}andn e M ={1,2,...,m}.
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2. Preliminaries

Consider the BAMMNNSs model with mixed delays:

o (t) = —au, (1) + Zavn o () fu(yn (1))
+ Z bvn xv fn yn( (t)))

+ Z B (T4 (t))

t
[ hlwlonas+ 1.
n=1 t—£(t)
zy(0) = (o), —2<0<0,

Un(t) = —Bnyn(t) + chv Yn(t))go(w4(1))

Z nv yn( ))gv(xv(t* T(t)))

n
NER

o (9 (1)) /t @) st

Il
-

yn(0) =(0), —r<o<0,
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ey

above t > 0,v € W, n € M; (o), ¥(o) serve as the initial values; «,, 5, > 0 are self-feedback weights;
x,(t) and y, (t) respectively represent the neuron state of v th and n th; f,,(-) and g, (-) are nonlinear activation
function, z(-), r(-) are discrete time-varying delays, where 0 < z(-) < 2, 0 < r(-) < r; £(¢) and ~(t) are
distributed time delays, where 0 < £(+) < &,0 < ~(:) <, 2z, r, £ and y are constants; I,,, J,, are external input.
A (T4 (£))y bon (0 (£)) s B (246 (1))s € (Yn (t)), dno (yn (t)) and k., (yn(t)) serve as feedback connection weights,
satisfying the following switching:

where 3, > 0,3/ > 0, and a”
veW,ne M.

aun(@u(1)) = { Eb A
bonl(8) = { lgl SRS
oot = { i [7o01= 2
() = { Z@:j ST
dntoniey = { G O3
ol (0) = { Zib A
al BB pb o pib bbb bbb pb pbb e known constant numbers,

wn) ’U’ﬂ’ wnl Yuvn? wn wn) 'n’U7 TL’U7 nv’ nv’ "'nu’ "'nu

Remark 1. Unlike [8,22,23], which only consider single time-varying delays, our model additionally incorporates
distributed delays, making it applicable to more complex real-world scenarios. Furthermore, our delays do not
require differentiability, which enhances the generality of our results.
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Let BAMMNNS (1) as the driving system, then the response system of (1) is

:va(t) =— T (t) + Z Ao (To(t)) fr(Un(t))
“rzbvn Ty(t)) fn yn(t_z(t)))

hvn i‘vt n ~n8 ds I,U
+; G [ Fala(ois +

+ uy (t),
Iy(o) =@(0), —z2<0<0,
’ . )
(1) = = Bafin() + 3 Cnuin (1)) g0 (F0 (1))
v=1
+ Z de (gn (t))gv (-’f;v (t - T(t)»
v=1
m t
D ks alt) [ g@(s))ds
v=1 t—~(t)
+ vn(t)
gn(J) :/&(0—)7 - S g S 07
where w,(t) and v, (t) are controllers; ¢(c) and (o) are initial conditions of BAMMNNSs (2).
According to the identifier set by Nations, we can convert BAMMNNS (1) into the following form:
:tv (t) - avxv Z avn + CO dvnv Culvn])fn (yn (t))
+Z bun + co[—byp, vn])fn(yn(t_z(t)>)
+Z hon + €0[hyn, hun))
t
X / fn(yn(s))d8+1v7
t—¢&(t)
xy(0) =p(0), —2<0<0,
m (3)
yn(t) € — ﬁnyn(t) + Z(Cnv + CO[_én1J7 énv])gv (x'u (t))
v=1

+ Z nv + CO nva dnv])gv(zv(t - r(t)))

+Z kny + o[~ Eny, ko))

v=1

By employing differential inclusion theory [24], convex analysis methods, and measurable selection theory,

we can obtain there exist functions o2, (t), 0%, (t), ol (1), o<, (t), o&,(t) and ok (t) € co[—1,1], such that
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w

Ty (t) = — apzo(t) + Z(avn + 05, (D) avn) fr(yn(t))

n=1

+ D (bon + 00, (8)bun) fu (g (t = 2(2)))

n=1
+ Y (hon + ol (£)hy n(yn(s))ds + L,
Z Ohon) [ Balon()ds

xv(a) :90(0—)7 —2 <0 <0,

Yn (t) =— BnYn (t) + Z(Cnv + 0y (t)énv)gv (7 (t))

In the same way, there exist 52, (t), 65, (t), 6%, (t), 5¢,(t), 64,(¢), %, (t) € co[—1,1] and controller

uk(t) € coluy(t)], v} (t) € colup(t)] such that

j:v(t) = — Oév% Z Ayp + O'qm avn)fn@n(t))
Z banrgvn n)fn(gn(tfz(t)))
" e
hm’b + vn hvn n ~n d
# 3 (hun + () )/ PECACIE
+ I, + ui(t),
Ty =p(0), —2<0<0,
Ty(0) =p(0), —z 2 @
gn(t) = — Boin(t) + Z(Cm} + 5$Lu(t)énv)gv(£v (1)
v=1
Z(dnv +ap,(t )Jnv)gv (@n(t—7(1)))
v=1
m 5 t
knv knv v ~v d
3w + 8 (o) / | el
+ Jn + 05 (1),
g]n(a) :12)(0')5 - S g S 07
Now, we consider the following synchronization error:
eg(t):i’v(t)_xv(t)a vew
65(0) = Pu(0) —pu(0), —2<0 <0, 5
ev(t) = gn(t) — yn(t), neM )
6%(0’) = J)n(o—) - ¢n(0), —r<o<0
5 of 23
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Subsequently, according to (4) and (5), the error system of them can be expressed as

67 (1) = — ae® +Zam n(t)
+ Z bon (8)Hy (e (t — 2(t)))
hon(t H,(e¥(s))ds
" Z / RACTe)
+ Z(&gn(t) — 0gn () aun fn(yn(t))
+ Z(@%(ﬂ — 00 () bon f (yn (t — 2(1)))
. Gh —oh lvzm t n(Un(s))ds
+ 32600 o) / L (5]
+ uy (t), . ©
én(t) = — Buel(t) + Z Cnw ()W (€5 (t))
+de e2(t —r(t)))
Eno (t W (ep(s))ds
+3 / et
+ Z(‘}fw(t) — 070 (1)) Cnugo (20 (1))
v=1
+ Z(ffﬁv(t) — 0, (1)) dnugo (T (t — (1))
- Gk — ok lvfm, t (T (8))ds
DICACREAD) / L gents)
+ v (t)
where @, (t) = aun+65, (t)avn, bon(t) = bm+5gn(t)j m(t) P47 () Py, cm,(t) Crv+C, (1) o,
dnv(t) = dpy + Unv( )dnv ky, ( ) = kny + &ﬁv(t)kn ( %( )) = fn(gn( )) - ( ( )) Wv(ez (t)) =

go(Zo (1)) = gu (o (1)).

Assumption 1. The activation functions f,(-) and g,(-) are Lipschitz continuous and bounded, and for p1 # pa
(VYp1, p2 € R), there exists positive constants €y, j,, F, and G, such that

|fn(p1) = fu(p2)|l < lalpr — p2l;s [fu(p1)| < Fa,
190(p1) — gu(p2)] < Julpr — p2l, |90(p1)| < G

Therefore, we can infer that

[Hn (e5,(0))] < Lnlen (B, [Hn(eh (1)) < 2Fn,
(W (ez ()] < duleg ()], [Waleg ()] < 2Gy.

Definition 1. [/3] For any ey = €(0) € R™, let the settling time function be T'(eg) = {t' : e(t) = 0,Vt > '}, if
there exists Typqp > 0, satisfying T'(e(0)) < Tyep and limy_,7, . |le(s)|| = 0, then the system (1) and (2) are

max

achieved FTS and T, is called settling-time.

Definition 2. [25] If there exists a preassigned constant T,, > 0, such that the function T'(e(0)) < T, for any
e(0) € R", and if lim;_,7, |le(s)|| = O holds, then the system (1) and (2) are achieved PTS and T}, is called
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preassigned-time.

Lemma 1. [26] Let 7, > 0, (v =1,2,...,w),0 < ¢ < 1, and €3 > 1; one has
ORI SESLH SETERT) SN
v=1 v=1 v=1 v=1
By following a similar proof method as in [21], we establish the following FTS lemma:

Lemma 2. [2]] Function V(-) : R" — [0, 4+00) is continuous, positive definite and radially unbounded, e(t) =
0 < V(e(t)) =0, if any solution of (6) satisfies

B < V() - evet) - v ), 9

where €, > 0, A < min{e,n}, 0 < p < 1, § > 1, BAMMNNSs (1) and (2) achieve FTS and settling-time is

1 171-6
. (=25 493 ]
e(1—p) 21—5(5_1)7]% ’ A< 07
{s%+7]%]176
Toaw 20 _ 1 _
nax c(1—p) 21—5(671)77%’ A 07
1 111-6

54 (n=\)3%

L [£3 +tn07] , A>0.

(E=NA=p) T 1-55-1)(n-2)3

Lemma 3. Function V(-) : R™ — [0, +00) is continuous, positive definite and radially unbounded, e(t) = 0 <
V(e(t)) = 0, if any solution of (6) satisfies

dV (¢) < Traz

G < AV Ve = avi ), ®)

BAMMNN s (1) and (2) achieve PTS, where T, is the preassigned-time, and all other parameters are the same as in
Lemma 2.

Remark 2. Based on recent research findings [2 1], we considered the special case where the constant term in the
inequality involving the derivative of the Lyapunov function ( V(t) ) is zero. From this, we established a lemma for
FTS, referred to as Lemma 2, and subsequently developed a new PTS lemma, denoted as Lemma 3. The settling-time
results obtained here are more comprehensive compared to earlier studies [27,28].

3. Main Results
3.1. FTS of BAMMNNS s (1) and (2)

Based on the dual-layer structure of BAMMNNS, we design the following two controllers.

uiy (t) =p1o€l(t1) — paodo(tr) — P3udo(t)|el ()]~
— Pavo (tilel () [*° 7,

Ui () =qunel (1) — Gondy, (t1) — azndy, (t)] el ()20
— qun @y (t) el (t)[*° 7,

©))

where v € W and n € M, % <p <19 > 1, pry, P2, q1n and go, are defined as constants, ps,, Pav, ¢3n
and qu,, represent suitable positive constants. For ¢t € [t;,t141), ¢, (f) € co[sign(eZ(t))] and for t € [t1«, t1=41),
¢, (t) € colsign(e}(t))].

Let

U (1) =proei (1) = p2odu(t) — paodu(t)leg ()17
— Pavdu(B)]eg (7,

Vin(t) =qine}(t) — a2}, (t) — qandy, (£)]e (6|~
A GICAG]
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The measurement error is

~
|
<
= %
<
—~
~+
~—

{Elv(t) =Uy, (t
]Ein(t) :V1n<t) - ’Ufn(t)?

then, we designed the ETC into the following two stages:
tier ={t |t > 1, [Ew ()] 2 Colel ()] + gopsol el (1)
+ va4v|e§(t)|26_l + 7o(1 — Lv)t}

trpr ={t [ £ >t  [E1, (0] 2 Grlel (D)) + gngsnlel (D)0
+wndanlel (7 7 (L - )"

(10)

where Jy, Wy, Ly, 5, w0 € (0,1), Gy To, G > 0, 4(1 = 1,2,...,0v € N)and - (I* = 1,2,...,n € N)
respectively represent the [ th and [* th triggering instants.

Let
P20 > Ty 2(tun + bun + honé + bun + hond) Fu + 70, (11
Gan > 571 2(Eny + dny + Enoy + dno + Enoy)Go + 77, (12)
A = 2max{A1, A2}, (13)
€ = min{min,{pzv — JuP3v}, Minn{q3n — 75,930} }2°, (14)
n= min{m,m}Qé, (15)

in which A = max,{—a, + p1v + (o + T (3Gun + 3aunj2)} A2 = max,{—By + qun + ( + X701 (380 +
3Cnulp) b m = miny{pay — wepay}m' % and 1y = min, {qan — wyqan ' °
Next, the main results of FTS are presented.

Theorem 1. Under Assumption 1, Lemma 2, and ETC (9) and (10), if (11)—(15) hold, BAMMNNSs (1) and (2) get
FTS and the settling-time is T, 4.

Proof. Now, we construct the Lyapunov function:
V(t) = Vi(t) + Va(t), (16)

in which

l\D\»—t

L\D\H

REPRCL
ST

For Vi (t), we provide its derivative as follows:
. m
Vl(t)zz ( { av +Zavn n t))
1
+ D bun (O Ha(eh(t = (1))
w ¢
# X hoalt) [ Hen(s)ds
t=¢(t)

+ Z(&gn(t) — 0yn () aun fr(yn(t))
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+ D (600(8) = 00 () bun fu (gt = 2(1)))

n=1
+ Z(&gn(t) - U n(t ))hvn fn(yn(s))ds
n=1 t—£(t)
+ug, ()}
< +Zam\e ) Hy(e4(t))

w

—|—me|e ) H (€2 (t — 2(1)))

£ Runlet(0) / RGO

+ D (68(8) = 08 (6))dunlel (O] fu(ya (D))

(a7

+ D (600(8) = 00 (8)bunles (D) fu(ya(t — (1))

+ Z(ffﬁn(t) — 0h () hunlel (D)]int] (o) folyn(s))ds
+¢v( Jui, (t)ey ()}

Based on condition 62, (t), 0%, (t), 5%, (t), 08, (t),6",.(t), ok, (t) € co[—1,1] and Assumption 1, we know

that 7w'U7’L Y un yron Y oun Y un
Z(&Zn(t) = 0y (1)) Gun fr(Yn(t))
n=1
+ D (30() = 00 () bun fu(yn(t = 2(2)))
n:l . (18)
(000~ ol (Don [ fulons))ds
n=1 t—£(t)
<> 2(ton + bon + honf)
n=1
and " "
Zavn|6 (t)[Hn(ef(t) < Zd«m\ev(t)\ﬂn@%(t)
n=1 n=1
S; San(e1(0)? (19)
+ 32 gm0
and w w
Z bonley (0)[Hn (e (t — 2(1))) < ZQanFnki(t)L (20)
n=1 n=1
similarly, one can provide
Z honlel (t Hy (el (s))ds <Y 2hun Foles(t)]. 21)
t—£(t) n=1
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Subsequently, (18) and (21) are substituted into (17), such that

—i—ZQBUnF |€ | +Z2 avn+évn+ﬁmg
n=1

+ hon€) Foles ()] + ¢v(t)€m(t)(ulu(t) —E10(1))}
< Z{[ Qy + P1o + Cv Z —Gyn + avn]v)]( ﬁ(t))Q

v=1 n=1

+ [_p2v + Ty + Z 2(z’/vn + an + anf + an + ané-)Fn]
n=1

X ‘6i (t)‘ - (pBU - ]1)p31))|e$ (t)|2p - (p41) - va4v)|ei (t)

+1es OB (8)] = Colel ()] = gopsolel (1)~

- va4v|eﬁ(t>|26_l —7p(1— Lv)t]}'

From (11) and ETC (9) and (10), there is

|2§

Vilt) <3 {0+ pro + ot D (Gun + gauns? (e (D)

v=1 n=1

— (p3u — Jop30) €L () * — (pay — wopa) |l (t)]*}

™m 1 1 x
S Z[*av +p1v + Cv + Z(iavn + iavn]g)](eu (t))z
v=1 n=1

— minv{p?)v - JUPBU}[Z(ei (t))g]p

v

- minv{pélv - vazw}[Z(ei (t))2]5

v=1

3 I

LamIVi(t)

1
§2[_av +p1'u + Cv + Z(Edvn + 9

n=1
- minv{p?)v - ]vp3v}2pv1p(t)
— miny {pay — Wopay Jm* 020V0 (1),

same as above, we have

1

. ™o
‘/Q(t) §2[7ﬂn + din + C; + Z(iénv + 55111)6%)]‘/2@)
v=1

— ming {qsn — 75,430 }2° VL (t)

— ming{qan — W' qun Jw 7020V (1).
According to (15)—(17) and Lemma 2, it combines V; (¢) and V5(¢) such that:

V(t) =Vi(t) + Va(t)

where A < min{e,n}, ,n > 0.

(22)

(23)

(24)

(25)

From Definition 1 and Lemma 2, we get BAMMNNS (1) and (2) achieve FTS at settling-time 7,,,,.. The proof

is finished. N
Theorem 2. The error system (6) does not have Zeno-behaviour with ETC (9) and (10).
https://doi.org/10.53941/ams.2025.100003 10 of 23
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Proof. When t € [t;,t;41),l=1,2,...,

[dE1 (8)] _ |deho (D))

dt dt
<[p1o + (20 = D)psolel ()72
de? (¢
+ (20— Dpules(2) 250
From (6) and Assumption 1, one gets
dei(t xr = = 1
950 <o fes )] + 3 anHaleh (1)
n=1
w —
+ Z bvan(B%(t - Z(t)))
n=1
wo t w
+ ) hun / Hy(e4(s))ds + > 2(dun
1 t=€(t) n=1

w w
+ > 2nFu Y 2 + bon
n=1

n=1

+ hon€ + bon) By + [uf, (1)].
Due to %&t) <0, thus |eZ(t)] < V(0), then

deZ(t) Y _ _
iCANYA DY )
|| S V(0)+ ;ﬂam + bun + huné

+ Gon + bon + hon€) Fy + [ul, (1)
va(tﬂ > 0.

Appl. Math. Stat. 2025, 2(1), 3

(26)

27)

(28)

Let¥, = MaXte(t;,ti41) [p1v + (2p — 1)paoley (t)|2p72 + (26 — 1)payley (t)|2672] and by using (26)—(28), one

obtains
dEq, (¢
MEL Ol < g0, (1), (29)
dt
Because |E1, ()| = 0, then
t
[Eq1,(8)] < / U, R, (t)ds = U, R, () (t — t;). (30)
t
From ETC (10), one has
B (tir1)] >Colel (tipn)] + gopsolel (b))
+ wepaolel (b)) 207 + 7o (1 — 1) 31)
>7, (1 — 1)1 > 0.
From (32) and (33), one derives
To(1 — 1) l+1
o1 —t > ———— > 0. 32
A A () (32)
https://doi.org/10.53941/ams.2025.100003 11 of 23
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Similarly, when ¢ € [t;«,t;«41),1* = 1,2, ..., it can be proven that

(1= i)t

0. 33
R (f) (33)

lieg1 — = 2
O

Therefore, the internal execution time satisfies ¢;11 — ¢; > 0 and ¢;-41 — t;» > 0, and the error system (6)
does not exhibit Zeno behaviour.

The proof is finished.

In the following, we proceed to investigate the FT'S of BAMMNNS (1) and (2) under the special case where
£(t) = (1) = 0.

If f,(0) = gn(0) =0, &(t) = v(t) = 0 and the error system (6) of BAMMNNS (1) and (2) exhibit prolonged
oscillations or chaotic behaviour, the synchronization model of (1) and (2) is

By (t) = — awzo(t) + Z aon (2o (t)) fr(yn(t))
+ Z bon (@0 (8)) fr(yn(t — 2(1))) + Lo,
(o) =p(0), —2<0<0, 34)
Un(t) = — Bnyn(t) + chv (Yn(t))go(z0(1))
+ Z Ao (Yn () go (Yn (t = 7(1))) + Jn,
Yn(o) =¢(0), —r <o <0,
and
Fu(t) = — (1) + Z @on (T (8)) f (Gn (1))
+ Iv + i/[11/( )a
Zy(0) =@(0), —z< amg 0, 35)
Yn(t) = = Bubin(t) + Z Cno (Yn(8)) 9o (To (1))
+Zdnv yn gv .%‘v(t—T(t)))
+ Jn + sz]1n( )7
Gn(0) =P(0), —r<o <0,
in which 4y, (¢) (v € W) and U1, (t) (n € M) are
ifllv(t) :ﬁlvxv(tl) p2v¢7j(t ) p3v¢v (tl)|xv (tl)|2ﬁ_1
— Pav o (tr) ]2y (t l)| 20

_ (36)
mln(t> :qlnyn(tl) q2n¢n(t ) - q3n¢n(tl)|yn tl)|2p_1

- q4n¢n(tl)|yn(tl)| 20

where P14, Pav, @1 and §o,, are constants, ps,, Pav, Gsn and gy, are positive constants.
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Fort € [tl, tl+1) ort € [tl* S tieat), let

805, (1) =Pro@o(t) — Prodo(t) — Paud (t)]a, (1)~
— Paoo(B)] o (£)] 7Y,

B, (1) =Ginn () — Gondn () — G ()]yn ()27
— Gann (DY ()PP

The measurement error is

{5111 (t) ﬂh)( ) ulv (t)

and event-triggering is

tipr ={t |t > 11, ]E10(t)] > Colwu(t)] + Fobzolas ()22
+ DuBaole (£)| P 147 (1 — 7)1}

ter ={t | > tie, |E5, (D] = Chlyn (D] + Tonlya (£)2P
+ @ Ganlyn ()2 + 72 (L - 7)1,

(37)

where J,, Wy, by, Ja, 0y 0 € (0,1), Cor Tos €, TE>0,t(1=12,...,v e Nyand t;x(I* = 1,2,...,n € N)
respectively represent the [ th and [* th triggering instants.

Let
Pro > 21 2(dun + bon + bon) Fr + T, (38)
QQn Z Z;D=12(énv + Jnv + Jnv)Gv + 7:;:7 (39)
A = 2max{A1, A2}, (40)
& = min{min, {psy — JoPso} min{Gsn — 7 Gan } 12", (41
7 = min{7j, 7, }2°. (42)

inwhichﬂl max, {— au+p1v+éu+2n VR, + a2} Ao = maxn{ B+ Gin + G+ XM (Len, +

2Conl2)}, M = miny{Pay — OuPavtm! =% and 7y = min, {Gay, — O Gan Jw'~
Based on the above content, we have the following Corollary 1 related to Theorem 1.

Corollary 1. Under Assumption 1, Lemma 2, ETC (36) and (37), if (38)—(42), £(t) = v(t) = 0 hold, BAMMNNs
(34) and (35) achieve FTS, and the settling-time is Typaz.
3.2. PTS of BAMMNNS s (1) and (2)

Next, we study the PTS results of BAMMNNS (1) and (2), and the controllers are designed as

s, (t) =pl,ei(t) — paodo(tr) — Phydo(ti) el ()~
— P (t) €5 (t) [,

V3, (1) =queh(tix) — qen®y (tis) — G305 (t1+)
— Q@5 (1) €4, ()7,

(43)

es (ti-)

where pllfu = TT%:T[ Oy + P1v + CU + En 1( Gyn + avn]v)] + oy — CT) - n— (éavn + avn.]u) qlln =

Tm“[ Bnt+ain+C+20L ( Cnvt3g 5 Conla)]+Bn—Ch— XL 1( Cnvt3 Cvngz) Py = Tm“p?)v’pziv = T%:wpzlv’
dh, = T,j,la, G3ns oy = Ta,lm Qan. v EW,n € M, 3 < p < 1,8 > 1, pry,p2v, qin and go, are constants,
P3vs Pav, ¢3n and gy, are posmve constants. For ¢t € [t;,t111), ¢u(t;) € co[sign(e(t))] and for t € [t;, tye41),
@k (t+) € co[sign(e¥(t))]. Tmax is given by Theorem 1 and Tp is preassigned-time.
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Let

Uz, (t) =p1,€5 (1) — P20bu(t) — Daydo(t)len (B
— Do ()]s ()71,

V3 (8) =€ (t) = azadp () — 3@ ()€l (O
— QO (O)]en ()

The measurement error is

{]EQU(t) =Uy, (1) — ug,(t)
E;n (t) :Vékn (t) - U;n (t)7

then, we designed the event-triggering into the following two stages:

trpr ={t [ £ > 1, [Bay ()| > Colel ()] + gopb, lef (1)~
+vailv|e§(t)|26_l +7p(1 = Lv)t} (44)
tregr ={t | £ > e, [B5, (0)] > Crleh (0] + ang5nlel ()]
+ Wil (O + (1= 0h)'),
where J,, Wy, Ly, I, wi, 05 € (0,1), Gy To, Gy > 0, 4(1 = 1,2,...,v € N)and ;- (I* = 1,2,...,n € N)

respectively represent the [ th and [* th triggering instants.
Let pay, qan, A, €, 1 satisfy conditions (11)—(15), respectively.

Theorem 3. Under Assumption 1, Lemma 3, and ETC (43)—(44), if (11)—(15) hold, BAMMNNSs (1) and (2) get PTS,
the settling-time is T}, q, and the preassigned-time is T),.

Proof. By establishing a Lyapunov function identical to Theorem 1 and providing a similar proof, we obtain

m w
. 1 1 .
Vl(t) < Z[_O‘v +p/1'u + G+ Z(idvn + 5@;%73)]
v=1 n=1
< (2 (1) + Y [~p2v+ 7o+ Y 2y + bon
v=1 n=1

+ Ty + bun + Bon) Fp] €% (1)]

— > (P, — gophy) €5 ()

v=1

m N (45)
= > (Phy —woply) €5 (0)]*°

v=1
+les (OIIE2o (1)) = Coled (8)] — goply leg (8)] >~

- vaiw|65(t)|2571 —Tu(1 - Lv)t]
1

T, =1
e 2|— v v v 7_vn 7_vn 2
{2[-aw +pro +¢ +;(2“ + 5 Aundy)

<
=77,

x Vi(t) — miny{p3e — Jups. y2°VY ()
— min, {pav — wopao b 020V (1)},

the same can be obtained

Y Tmaz * - 1 1 2
‘/Q(t) S Tp {2[75n + din + Cn + Zl(icnv + §Cq)n£n)]v2(t)
’ X v= (46)
- mlnn{QBn - anSn}2va2p(t)
- minv{q4n - w;q4n}w17626‘/26 (t)}
14 of 23

https://doi.org/10.53941/ams.2025.100003


https://doi.org/10.53941/ams.2025.100003

Gao et al. Appl. Math. Stat. 2025, 2(1), 3
According to (13)—(15), and Lemma 2, it combines V; (t) and V(¢) such that:

V(t) =Vi(t) + Va(t)

Tmax

< mar
=TT,

V() — VP(t) — v (1), “n

where A < min{e,n}, e,n > 0.
From Definition 2 and Lemma 3, we get BAMMNNS (1) and (2) achieve PTS at preassigned-time T},. The
proof is finished. U

Remark 3. The main system can avoid Zeno behaviour under ETC (43) and (44), with a proof similar to Theorem
2, which is omitted here.

In the following, we proceed to investigate the PTS of BAMMNN:S (1) and (2) under the special case where

£(t) =~(t) = 0.
When f,(0) = ¢,(0) = 0 and £(¢) = (t) = 0, the synchronization model of (1) and (2) becomes

xv(t) - - avxv Z avn :Ev fn yn( ))
+ Z bvn mv fn yn(t - z(t)))
+ I'U’
z,(0) =p(0), —2<0<0, (48)
Un(t) = — Bnyn(t) + Z Crw (Yn (1)) 9o (20 (1))
+ Z dnv yn gv yn(t - ’I“(t)))
+ JTL?
Yn(o) =¢(0), —r <o <0,
iv(t) = — Quly (t) =+ Z avn(fv(t))fn@n(t))
+ Iv +u2v(t)a
Zy(0) =¢(0), —z< ng 0, 49)
gn(t) = — Bngn(t) + Z Cro (Un (t))go (o (1))
+de i (1))g0 (& (t — 7(t)))
+ Jn + mzn( ),
in(0) =0(0), —r <0 <0,
in which Ly, () (v € W) and Vo, (1) (n € M) are
oy (t) =P o(tt) — P2odu(ti) — P3U¢>v(tl)|xv(tl)|2ﬁ_l
(50)

ngn(t) :(j/lnyn(tl) q2n¢n t ) QBn¢n(tl)|yn(tl)|2'Eil

(

— Photo (B (1)
(

— Gy (t0) |y (1) |2~
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where ﬁllv = Tgkam [_dv + ﬁlv + év + 271:}:1(%61)71 + %avnjg)] + dv - Ev - 221:1(%&1;71 + %@vnjg)v Qin =
(

T%:w [_Bn +dln+§;:+2;n:1 (%Env+%énv€%)] +Bn _5: _Eglzl %Env“"%énvg%)’ ﬁ/SU = T%:w 153vs ﬂlv = T%:w ﬁ4v,
G, = Tgl:’ G3ns Qup, = Tg;“ Gan,V EW,n € M, % <p<1,8>1, Py, P20, @1n and o, are defined as constants,
D3v, Pdvs G3n and g4, represent suitable positive constants.

Fort € [t;,t;41) ort € [t t41), let

805, (8) =Pl — Pavbo(t) — Do (1) |z, (1)
— o)z (H)] 7,

B, (1) =y (t) — G2 (1) — o ()yn (£)]2P
— GO )]y (£) P

The measurement error is

E1v (t) :u;'u (t) — Uy (t),
Efn(t) =03, (t) — Van(1),

and event-triggering is
tr ={t |t > 11, 1E20(t)] = Colao (8)] + Jubso |20 (8) 77
+ dvﬁﬁml%(tﬂ%_l + 7 (1 - 2)'},
trer ={t [ > e, [E5,(0)] 2 Gilyn ()] + TG lyn ()P
+ O Dy () + 7 (1= 7)),

(D

where J,, @y, Ty, 15, @F, 0% € (0,1), Gy, 7o, G 75 > 0, (1 = 1,2,...,0v € N)and t;-(I* = 1,2,...,n € N)
respectively represent the [ th and [* th triggering instants.

Let poy, Gon, 5\, €, n satisfy conditions (38)—(42), respectively.

Based on the above content, we have the following Corollary 2 related to Theorem 3.

Corollary 2. Under Assumption 1, Lemma 3, f,(0) = 0, g,(0) = 0 and ETC (50) and (51), if (38)—(42) and
&(t) = ~(t) = 0 hold, BAMMNN s (48) and (49) achieve PTS, and the preassigned-time is T,,.

Remark 4. This paper designs a segmented ETC strategy specifically tailored for the dual-layer structure of
BAMMNNSs. In contrast to the continuous feedback control methods used in [6, 9, 10], our ETC operations are
executed only when the system state changes beyond a certain threshold, thereby significantly enhancing resource
utilization efficiency.

Remark 5. While previous work has primarily focused on finite-time synchronization and FTS of MNNs [13], the
exploration of PTS results remains limited. Unlike traditional asymptotic and finite-time synchronization approaches,
which rely on initial conditions, the proposed FTS and PTS strategies achieve synchronization within predetermined
time frames independent of initial states. This feature is particularly advantageous in real-world applications,
where initial conditions are often unknown or difficult to measure, making the proposed strategies more practical
and robust.

4. Numerical Example

In this section, a numerical simulation example is employed to demonstrate the results of FTS and PTS.
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Example 1. Consider the following two-dimensional driving system and response system are:

)+ Zam o (1)) fn (yn (1))

+ Z b’UTl "I"’U

Ty (t) = — apxy (8

NS (yn(t = 2(1)))

(52)
yn( ) Bnyn + chv yn gv xv( ))
v=1
+Zdnv yn gv x’u(tir(t)))
v=1
t
+ anv yn / gv(scv(s))ds + Jn’
v=1 t=(t)
yn(0) =0(0), —r <o <0,
and
2
Zo(t) = — o (t) + > aon(Fo(t)) fn(n(t)
n=1
2
+ Z bvn(jv(t))fn(yn(t - Z(t)))
n=1
2 t
+ 3 hun (4 (t)) / Fn(Gn(s))ds
1 t—£(t)
+ I + ug, (1),
Ty(0) =¢(0), —2<0<0, (53)
yLn( ﬂvyn + ZCTLU yn ’U ’U(t))
+Zdnv yn gv :L’,U(t—r(t)))
t
+3 k(0 0) [ s
v=1 t—(¢)
+ Jn + v (1),
in(0) =i(0), —r <0 <0,
in which v,n = 1,2, t > 0, and the parameters in (52) and (53) are as follows: a1 = ay = 1 = 2 = 0.1,
L=0L=J=J,=0,
—0.06, |hy(t)] <1, -4, |m(t)| <1,
h(t)) = ha(t)) =
a1 (ha(t)) {0.05’ ()] > 1, ar2(ha(t)) {3.8, ()] > 1,
74, |Ba(t)] <1, 2, |ha(t)] <1,
ho(t)) = ha(t)) =
az1(h2(t)) {7.6, ()] > 1, azz(ha(t)) {17 ha(8)] > 1,
hi1(hi(t)) = haz (M (t)) =
1 (T (t)) {3.9’ ()] > 1, 12(Pa (1)) {_0.2, ()] > 1,
17 of 23
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ko1 (w2(t)) =

[0, |m()] <1, =32, m()] <1,
ha1 (ha( ))_{0.2, o ()] > 1, h”(hQ(ﬁ))_{ —3, |ha(t)] > 1,
[48, lm@) <1, -2 lm@) <1,
cn(wi(t)) = {4 6, |w=1(t)]>1, ciza(@ () = {—1, |1 (t)] > 1,
[ 5 lme) <1, 01, fma(n)] <1,
ea(w2(1)) = {5,2, () > 1, 220 = {0 2, Jwa(t)] > 1,
1.1, |wi( 1.2, |wmi(t)] <1,
ki1 (w1(t)) = { (

b11(Fa(t)) = 1,b12(RA1(t)) = —2,b91(ha(t)) = —4, baa(ha(t)) = —1.5,
dn(wl(t)) = —5.9,d12(w1(t)) = —1.5,d21(@2(t>) = 6,d22(w2(t)) = 2.5.

where h and w respectively represent x and y, therefore, it is clear that a;; = 0.06, a;; = 0.01, a1 =4, a2 =
0.1, agy = 7.6, ao1 = 0.1, ase = 2, age = 0.5, 611 =1, 511 = 0,[312 =2, 512 =0, 621 =4, 521 =0, 622 =
1.5, by = 0, hyy = 4.1, hyy = 0.1,h1a = 0.2, hia = 0.05, hay = 0.2, ha1 = 0.05, hos = 3.2, hoy =
0.1, 11 = 4.8, &1 =0.1, G5 = 2, &1 = 0.5, Ga1 = 5.2, &1 = 0.1, Gap = 0.2, &g = 0.05, dy; = 5.9, dy1 =
0, dig = 1.5, dia = 0, dog = 6, dog = 0, dap = 2.5, dap = 0, k11 = 1.2, k11 = 0.05, k1o = 1.2, k1o =
0.01, koy = 1.2, ko1 = 0.05, koo = 1.2, koo = 0.01,

Define the activation function as f,,(-) = g,(-) = tanh(:), the time-varying delays z(t) = r(¢) = 0.5 —
0.2sin(¢) and distributed delays £(t) = ~(t) = 0.3 — 0.2cos(t). According to Assumption 1, we know that
Fy = F» = G; = Gy = 1. The phase trajectory diagrams of BAMMNNSs (52) are presented Figures 1 and 2.
Figures 3 and 4 illustrate the state trajectories and synchronization errors on x-layer and y-layer for (52) and (53)
without ETC. From conditions (11) and (12), we choose p2; = 7.4, p22 = 13.5,q21 = 17.1 and g22 = 18.5, then
we set the other parameters to be p1; = —30,p12 = —30,q11 = —40,q12 = —40,p31 = P32 = g31 = @32 =
1,p41 = P42 = Q41 = Q42 = 06, p = 07, 5 = 3, Cl = 14,C2 = 15,Cf = 14,C§ = 15, =72 :]I = j; = 03,
wi=wy=w] =ws =041 =m0="77=175 =0.5,11 =12 =] =15 =0.8. Based on (13)—(15), a simple
calculation yields A = —7.6, ¢ = 1.137, n = 0.72. According to Lemma 2, it can be concluded that 7T},,,, = 3.184.

Under the initial condition zy = [-0.6,2.5], Zg = [0.6 — 2.8], yo = [—3.5,—-0.5], §o = [—0.3,—-0.2],
Figures 5 and 6 illustrate the trajectories of states and synchronization errors on x-layers and y-layers of BAMMNNS
(52) and (53) under ETC (9) and (10), the results show that the main system achieves FTS within 7},,,,. Additionally,
we randomly selected 20 initial values, and Figure 7 presents the synchronization errors e”(t) and e¥(t) for models
(52) and (53) under ETC (9) and (10), it is evident that varying the initial values does not influence the FTS results.

With all other parameters identical to FTS, based on ETC (43) and (44), we computed p}; = —32.67,p}, =
—31.026,qy, = —44.89,ply = —45,phy = phy = q31 = Gsp = 127, plyy = ply = ¢y = i = 0.762, and
additionally selected preassigned-time T}, = 2.5 < T4, = 3.184.

Figure 8 depicts the synchronization errors e” () and e¥(¢) stabilized under the influence of ETC (43) and (44),
indicating that the main system achieves PTS when T}, = 3.8. Finally, in Figures 9 and 10, we demonstrate the time
transmission intervals under ETC (9), (10), (43) and (44), thus, we conclude that the ETC strategy presented in this
paper is effective in reducing controller workload time and thereby minimizing transmission power consumption.

Remark 6. The integration of BAMMNN models with ETC strategies provides an effective approach to addressing
complex system modelling and control challenges. However, current research in this field still shows gaps. Future
studies will focus on refining ETC strategies and exploring advanced BAMMNN models, which hold significant
scientific implications and promising application potential.
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Figure 3. State trajectories and synchronization errors of the x-layer without ETC.
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Figure 4. State trajectories and synchronization errors of the y-layer without ETC.
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Figure 6. The state trajectories and synchronization errors of the y-layer under ETC (9) and (10) within T’qz-
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Figure 10. The time transmission intervals of ETC (43) and (44).

5. Conclusions

This paper examined the FTS and PTS of BAMMNNSs that incorporated both time-varying delays and
distributed delays. Differential inclusion theory, measurable selection theory, and convex analysis methods were
utilised to reformulate the dynamics of discontinuous systems. By employing an improved fixed-time stability
lemma, more precise and comprehensive settling times were achieved, and corresponding preassigned-time stability
lemmas were developed. In addition, considering the dual-layer structure of BAMMNNS, a piecewise ETC strategy
was proposed to optimise common feedback control challenges, particularly the excessive information transmission
power consumption associated with continuous control actions. Notably, the introduction of mixed delays enhanced
the model’s applicability, and the FTS and PTS results were independent of initial condition constraints.

The integration of BAMMNNS with event-triggered control ETC provides an intelligent and efficient solution
framework for various complex systems. To our knowledge, complex numbers and quaternions play a crucial role
in neural information processing, particularly in modelling phase-sensitive signals and multidimensional spatial
transformations. In future work, we will expand on this research by exploring the application of ETC in relation to
complex domains and quaternions.
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