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1. Introduction

Distributed optimization is a common task requirement in multi-agent systems (MASs), aiming to achieve
globally optimal decision-making through local information interactions [1]. It is widely applied in fields such
as smart grid resource allocation [2], and unmanned aerial vehicle (UAV) formation control [3]. Among these
applications, the distributed resource allocation (DRA) problem requires the efficient allocation of limited resources
(such as power, bandwidth, and computing resources) among multiple agents while satisfying local constraints and
global demands. For example, in wind farm power allocation, it is necessary to minimize the fatigue damage of
wind turbines under real-time wind speed variations; in smart grids, it is essential to dynamically balance the load
and power generation. Centralized methods rely on global information and a central node, making it difficult to
cope with dynamic changes in network topology and communication delays. In contrast, distributed algorithms
achieve efficient solutions through local cooperation and have become a research hotspot in the past decade.

Early distributed resource allocation algorithms were mostly based on gradient descent or dual decomposition,
with convergence properties typically being asymptotic or exponential. For example, a continuous-time algorithm is
proposed based on the Karush-Kuhn-Tucker (KKT) conditions, which used local gradient information to constrain
the node states [4]. However, the convergence speed depended on the network topology and initial conditions. To
solve the DRA problem over directed networks, a consensus-based gradient descent method is designed to achieve
asymptotic convergence in balanced directed networks [5], but they could not guarantee an upper bound on the
convergence time. These methods were limited in scenarios with high real-time requirements, such as dynamic
power dispatch.

To improve the convergence speed, finite-time and fixed-time algorithms have been widely studied. A
consensus-based approach that can obtain the optimal solution within finite time is proposed where the objective
function is time-varying but the existence of the identical Hessian matrix of the global objective function is
assumed [6]. However, the finite-time upper bound depends on the initial states. Hence, a series of fixed-time
distributed algorithms are proposed to solve the DRA problem [7, §]. Although fixed-time algorithms are superior
to asymptotic methods, the upper bound of settling time is still reliant on coupled system parameters, which may
not meet the demand for precise time control in highly dynamic environments (such as sudden load fluctuations).
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In recent years, the prescribed-time convergence framework has been integrated into distributed resource
allocation algorithms, where the settling time can be directly assigned or predetermined without relying on any
other parameters [9]. Numerous prescribed-time resource allocation algorithms have been proposed [10-12],
most of which are based on a time-dependent gain function to achieve prescribed-time stability. However, these
algorithms often encounter the challenge of singularities caused by infinite gains. To address this issue, several
singularity-free methods have been proposed for prescribed-time stabilization, which can serve as a foundation
for designing singularity-free prescribed-time distributed resource allocation algorithms. One approach involves
imposing saturation on the time-varying high gains, but this method only ensures that the system states remain
within a bounded set by the prescribed time [13]. For achieving precise convergence in prescribed-time stabilization,
a singularity-free method utilizing periodic delayed feedback was introduced [14]. Nevertheless, in distributed
scenarios, such methods require the introduction of delays to facilitate communication among multi-agent networks.
Recently, a novel singularity-free approach based on time-space deformation was proposed, which is delay-
independent and guarantees exact convergence [15]. This method holds significant potential for adaptation in the
development of singularity-free distributed resource allocation algorithms. The major contributions of this paper
can be summerized as follows.

(1) A distributed resource allocation algorithm with prescribed-time convergence is proposed. Compared with
existing similar algorithms [12, 16, 17], the algorithm proposed in this paper avoids the singularity problem
caused by time-varying high-gain functions based on the time space deformation method while ensures precise
convergence within prescribed times, ensuring practical feasibility.

(2) Unlike most existing distributed resource allocation algorithms [12, 18], the algorithm proposed in this paper
is implemented based on a second-order multi-agent system. Specifically, a singularity-free prescribed-time
signal tracking controller for second-order systems is proposed.

The rest of this paper is organized as follows. Section 2 introduces several fundamental concepts and formulates
the distributed resource allocation problem. In Section 3, the proposed resource allocation algorithm and signal
tracking controller are provided. Section 4 demonstrates the performance of the proposed algorithms through a
limited power allocation problem. Section 5 provides the conclusion.

Notations: Throughout the paper, ||-|| denotes the 2-norm for vectors and the Frobenius norm for matrices. |||/~
denotes the co-norm. Iy denotes an N order idenitity matrix, 1, denotes an N-dim vector with its components
being 1 and O denotes an N-dim vector with its components being 0. ® represents the Kronecker product operator.
N; denotes the set of neighbour nodes of agent i in a multi-agent system. For x = [71,22,...,7,] € R" and
a € R, define sgn(x) = [sgn(zy),sgn(zz),...,sgn(x,)] " and sig®(x) = [sig®(z1),sig*(z2), . . .,sig” (x,)] "
where sgn(+) denotes the signum function and sig(-) = |-|* sgn(+). Denote R>, = {y € R: y > z}.

2. Preliminaries and Problem Formulation

2.1. Globally Prescribed-Time Stable
Definition 1. /9] Consider the system defined by

I(t) = f(tv :L‘(t)), te RZtov x(tO) = Zo, (D

where x € R" is the state vector, f : R>, X R™ = R" is a locally uniformly bounded nonlinear vector function in
time. The origin of system (1) is said to be globally prescribed-time stable if it is globally asymptotically stable and
any solution x(t) reaches the origin no later than a prescribed time.

2.2. Finite-Time Stability of Integrator Chain System

Lemma 1. [/9] (Proposition 8.1) Consider a Hurwitz polynomial s™ + 3, 8" 14 - -4 Bas+B1 with 81, ..., Bp > 0,
and the system

:.Ui:xi—ﬁ-lai:la"'an*lvi’nzua 2
where z; € R,i =1,...,n,u € Ris the control input. There exists € € (0, 1) such that Vo € (1 — €, 1), the origin

is a globally finite-time stable equilibrium under the controller

u=—pF1sig™ (x1) — -+ — Bpnsig™ (x,), 3)

o4 . _ _
where ;1 = m,z =2,...,n,apy1 = land o, = a
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2.3. Graph Theory

An undirected graph G = (V, £, A) is defined by a node set V = {vy,vs,...,ux}, an undirected edge set

&€ CV x V, and an adjacency matrix A = [a;;] y ., With non-negative elements. The degree of node v; is denoted

Nx
as d(v;) and is calculated as d(v;) = Zjvzl i @ij» where t = 1,2,..., N. This degree is an element of the matrix
D = diag{d(v1),d(vs),...,d(vy)}. The Laplacian matrix L is defined as D — A.

Assumption 1. Graph G is undirected and connected.

2.4. Problem Formulation
Consider a multi-agent network composed of N agents,
i(t) = yi(t),
. i€V, “
{ Yi(t) = ui(?),

where z; and y; € R™ are the local variable vectors of agent ¢ and u; € R™ is the input protocol. The assumed
graph modelling the communication network is G. The goal is to solve the following resource allocation problem in
a distributed manner,

N
{a7}iL, =argmin Y f; (2:),

1
{‘rl}fvzl =1

N N
S.t. in = Zb“ Vi € V,
i=1 i=1

where f; : R” — R is the local cost function and z; denotes the optimal solution solved locally by agent 4, and b;

&)

represents the amount of resources temporarily held by the i-th agent to be allocated. Let x = [z , 24 ,...,2\]" €

n n 3 N n
R,y = [yl 43, yp]T € R*™, Vf(x) = [Vii(z)T,...,.Vin(en) T, f(z) = XL fi(2), 2 € R™,
zy, ={rp R ke N;},and o = [z7 7,257, ... 23T € RV being the optimal solution.

Assumption 2. Each local cost function f;(x;) is twice continuously differentiable, ~v;—strongly convex with ~; > 0.

3. Main Results
3.1. Singularity-Free Prescribed-Time Optimal Signal Generator

In this section, a distributed prescribed-time optimal signal generator is designed based on a virtual first-order
multi-agent system, which is described as
7:'1‘:’()1;, IGV, (6)

where r; € R"™ is the local decision variable vector of agent ¢ and v; € R"™ is the input signal. The objective

is to ensure that the outputs of all virtual agents converge to the optimal solution, i.e., r; = z}. Denote r =

[’I”I,T;—, T aT;}T eR™W,r* = [TTTargTa T vr}k\fT]T e R™Y, pe(t) = W’ ok(t) = ox(tity—1,Tk) =
pi(t), t € [te—1,tk—1 + Tk)

{ 0, otherwise

a two-stage singularity-free distributed input protocol for the virtual system (6) is proposed

,k=1,2,and t; = tg + 11. To address problem (5) without the singularity issue,

vi(t) =g (t) + v/ (8), (7a)
s o —01 (t)Spl,lh (Sl(t))7 if Sl(t) 7é On’

vi(t) _{ —Sp.a (5i(1)), otherwise, (76)
Foo ) —02(8)Fps g0 (1i(t), T (1)), if Ei(F) # 1,

vi (1) = { —Fpan (T3 (8), 77, (1)), otherwise, (7¢)

éi(t) = — vl (1), (7d)
si(t) =ri(t) — by + ¢i(t), (7e)

where ki,ky > 0, c1,c0 > 0,0 < p1,p2 < 1, q1,q2 > 1, 8P1,Q1 (Sl(t)) =k Sigp1 (Si(t)) + ko Sigql (Sl(t)),
N N

Fposaz(1i(t), ma (1) = a1 Zl aij sig” (Vfi(ri(t)) — Vf;(r;(t)) + c2 Zl aij sigh (Vfi(ri(t)) — Vf;(r; (1)),
J= J=

and
Gt) = { L if Vfi(ri(t)) = V[f;(r;(t)),Vj € Ni,

0, otherwise.
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When ¢;(t) = 1, it indicates that consensus among all local gradients of cost functions has been achieved in
the multi-agent network.

Remark 1. The core idea of the proposed algorithm lies in “converge in advance before the prescribed T; and
then switch system,” where the most critical part, “converges in advance before the prescribed T;,” is achieved
by applying the time space deformation method to a fixed-time stable system. This algorithm ensures convergence
at each stage by a certain time T;r, where T;r < T;, after which the system needs to be switched to one without
time-varying high-gain functions before T;, thereby avoiding singularity issues.

Remark 2. The designed input protocol (7) consists of a two-stage design, as shown in Figure 1.

1. First stage ([to,to + T1]): The objective is to drive the designed sliding mode variable s;(t) to converge
to 0,,. This eliminates the initial value restriction commonly found in most distributed resource allocation
algorithms, i.e., vazl ri(to) = Zf\il b; (to).

2. Second stage ([t1,t1 + T»]): On the sliding surface s;(t) = 0, the goal is to ensure that the gradients of
the agents reach consensus, enabling the virtual system states r; to satisfy the optimality conditions of the
resource allocation problem (5). This guarantees that the virtual system can find the global optimal solution
within the prescribed time.

. . Within Each . . )
A Multi-Stage Design A Singularity-Free Design
Subtask

Task Decomposition Time Space Deformation

Subtask 1: Generating Optimal Signal Stage 1: Scaled System with Gain g (t)
T ______________________________________
<- 1t > 3----- > 1< e g System
0 2 5 0 t Switch
Subtask 2: Tracking Optimal Signal Stage 2: Fixed-Time Stable System
|€- 1t 2-> | <--ee- [P > | | >|<>]  Singularity-
o 5 3 0 t Free

Figure 1. Multi-Stage and Singularity-Free Design.

Remark 3 (Gradient Consensus and Optimality). In (7), it can be observed that the consensus on the gra-
dients of the loss functions among agents is required. Such a requirement is fundamentally rooted in the
KKT optimality conditions of problem (5). The Lagrangian of this problem is given by L ({xi}ZN:l,)\) =
Zil filzs) + A (Zf\il b; — Zi\il xl> where X is the Lagrange multiplier associated with the global con-
straint. The Karush-Kuhn-Tucker (KKT) optimality conditions for this problem are % =Vfizf))—=A=0 =
Vfi(xl) =X (Vi € V). The stationarity condition V f;(x}) = \* (Vi € V) implies that all agents must share
identical marginal costs at optimality. This gradient consensus ensures Pareto efficiency, where no agent can reduce
its cost without increasing others’ costs.

Theorem 1. Under Assumptions I and 2, system (6) with protocol (7) is globally prescribed-time stable from any
initial states. The trajectories of all agents in the virtual multi-agent system converge to the optimal solution of
problem (5) within the prescribed-time interval Ty + Ty, i.e., lm,_, p 7,)- 7i(t) = 2] and r;i(t) = z7,Vt €
[to + T1 + To, +00).

Proof. The following proof mainly employs the time space deformation approach.

Stage I: Letting

1 T+t—t
Tl(t;Tl):*l 1+ 0

—— : |to,to+T1) = R 8
2 T = (=) [to,to + T1) >0, ®)

one has 71(¢; T1) = p1(t) and pq(t) = W. Moreover, since (8) is invertible, its inverse can be shown as
follows,
t(Tl;Tl) =ty + 1T} tanh(Tl) ZR20—> [to,t0+T1). )

To implement the time space deformation in (7), the following state transformations are applied,

5@(7’1) :Si(t(Tl;Tl)). (10)
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By differentiating (10) along the solutions of (6) and (7) when g < t < to + T} and s;(t) # 0y, the following
scaled model is derived using (9),

= _ dSi(t(Tl;Tl)) 8t(7—1;T1)
SZ(Tl) - dt(r1;T1) oty

= —Sp1q (5i(71)) (11)
= —kysight(5,(1)) — k2 sig? (5i(11)).

Define the Lyapunov function candidate V;(1) = 5] (71)5;(r1). Differentiating V; along (11) yields

‘};(Tl) = —k1 Sigpl—i_l(gi(Tl)) — ko Sigq1+1(§i(7'1))
1+py 1ta 14qy 18 (12)

—k12 2 ‘/z 2 (7'1)—]{122 2 ‘/Z 2 (7’1).

According to the fixed-time stability criterion [20] (Lemma 1), there exists TlT > 0 such that limT 3i(m) =
T1 4)7'1 —

0, and 5;(11) = 0,7 > TlT. Then it follows from (10) and (11) that lim s;(¢) = lim §;(m) = 0, and

t—to JrTlT 1T,

si(t) = 0,,,Vt > to+T) where T{ = Ty tanh(7{) < T3. Given that g1 (¢) is bounded on [to, £, + T’ ] and removed
N N

from the input when ¢ > ¢y + T} 1T , v (t) remains free of singularity. Since s;(t) = 0, and > r;(t) — > b, =
i=1 i=1

N N N

> si(t), Vt € [to + 11, +00), there is > ry(t) — > b; = 0, Vt € [t + T}, +00). Furthermore, system (6) with
i=1 i=1 i=1

protocol (7) becomes

—02(t i(t), T (1)), if ¢;(t 1,
io(t) = of (1) = { T2OFpaas (rilt) T (1)), 3 & (1) # (13)
~Fparga (1i (1), T (1)), otherwise.
Stage II: Letting
1 To+t—1
t;15) = —In ————— ¢ |11,1 T5) - R 14
o(t; T3) QHTQ—(t—tl) [171+ 2) >0, (14)
one has 75 (t; T2) = pa(t) and pa(t) = %. Moreover, since (14) is invertible, its inverse can be shown as
follows,
t(1o;To) = t1 + To tanh(ms) : R>g — [t1,t1 4 Tg). (15)

To implement the time space deformation in (7), the following state transformations are applied,
7_’1'(7'2) :Ti(t(TQ;TQ)). (16)

By differentiating (16) along the solutions of (13) when ¢ < t; 4+ T5 and ¢&;(¢) # 1, the following scaled model

is derived using (15), . g .
- 7 (t(72; t(712;
7i(T2) = di(f—;TS)) (8272 )

= *]'—pzj\c,m(ﬂ(Tz)an,(Tz))
= —c1 3 agsig” (Vfi(Fi(r2)) — V[f;(75(72))) (17

Jj=1

2 3 s (V(2)) = V£54(7)

J

According to [21] (Theorem 1), there exists T;r > 0 such that limT 7i(me) = xf and 7;(12) = o}, Vo > 7'2T .
7'2*)7’2

Then it follows from (16) and (17) that lim Ti(m2) = af and r;(t) = «F,Vt > t1 + TQJr

where T = T tanh(ﬂ;r ) < Ty. Given that g(t) is bounded on [t1,; + T}j] and removed from the input for
t>t + T4, u$(t) remains free of singularity. Therefore, it can be concluded that the trajectories of all agents in
the virtual multi-agent system converge to the optimal solution of problem (5) within the prescribed-time interval
T + T5 and the designed virtual input v;(¢) remains free of singularity. O

t—)tl-‘rTg Tz(t) = hrrl‘l'g—)‘f';L

Remark 4. Theorem 1 explains why the designed algorithm (7) can achieve singularity-free prescribed-time
convergence. Unlike existing literature that relies on time-varying high-gain functions such as ﬁ, this work
extends the approach to ﬁ and provides theoretical proof from the perspective of time-domain compression
transformation. This enriches the design forms of prescribed-time optimization algorithms.
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3.2. Prescribed-Time Signal Tracking Controller: A Singularity-Free Design

Singularity-free prescribed-time tracking controllers are designed for the agents of original second-order
multi-agent system (4) such that the agents’ outputs h;(t) = x;(t), Vi € V track the local optimal reference outputs
hI(t) = r; generated from the optimal signal generator (7).

For multi-agent system (4), denote e; 1 = x; — 74, €;,2 = ¥;,% € V. Then the following tracking error system
is obtained from system (4),

éi’l(t) = em(t) — ’I"Z(t), .
{ éialt) = uit), teV. (18)

ps(t), t € [ta,ta +T3),
Define p3(t) = 75— 0a(t) := ea(tita, Tb) = { 0, otherwise

system (4), the singularity-free prescribed-time tracking protocol is designed as

,and to = t; + T5. Based on

500, 5(0) — B3OS (01(1) — g () 5™ (e0a(0) HFea D £
—Bsig™ (ei,1(t)) — Pasig™ (ei2(t)) ; otherwise,

where a; = 5229 a3 =1l,as =n € (1 —¢g;,1),e;, € (0,1), 51,082 > 0.

2013 — Q2

Theorem 2. If Assumptions 1 and 2 hold, under protocols (19) and (7), the outputs h;(t) = x;(t) of all agents
converge to x* of problem (5) within the prescribed-time interval T1+1T5+1T5, i.e., limtﬁ(t0+T1+T2+T3)* x;(t) = z*
and z;(t) = x*,Vt € [to + T1 + To + T3, +00) , Vi € V.

Proof. The proof’s approach relies on the idea of time space deformation. When ¢ > ¢, by Theorem 1, r;(t) = z*,
and 7;(t) = 0,,. Letting

T3 +to —t

Tg(t) = Tg(t;tQ,Tg,) = —T3 In
T3

: [ta ta +T3) = Rxo, (20)

T3(t)
one has 73(t) = p(t) and u(t) =e T3 . Moreover, since (20) is invertible, its inverse can be shown as follows,

t(73) :=t(73;t2, T3) = to + T3(1 — e‘%) i R>g = [ta, 2 + T5). (21)
To implement the time space deformation in (18), the following state transformations are applied,

éi,1(7'3) = 6@1@(7’3)), (22a)
€i2(73) = p (t(3))ei2(t(73)). (22b)

By differentiating (22) along the solutions of (18) and (19) under the condition e; 1 (t) # 0,, the following
scaled model is derived using (21),

5 de; 1 (t(r3)) Ot(r:
€i,1(7s) = ed’tﬁif” ta(;roz)
= eia(t(r3))e” ™5 = &i2(T3),
éi72(7-3) — du (t(;z)éz‘),z(t(‘f:s)) 32(;3) (23)

73

( — %361‘,2(15(7'3)) + ufl(t(Tg))ui(t(T;;)))e_Tia
= —[15ig™ (€;,1(13)) — P2 sig™ (&;,2(73)) -

According to Lemma 1, there exists 7';,[ > 0 such that lim é;:1(m3) = 0, and €, 1(73) = 0, V713 > .
T3—Tg

Then it follows from (21) and (22a)l that limt%tﬁTg ei1(t) = limTSﬁT; €i,1(m3) = 0, and e; 1(t) = 0,,,Vt >

ta + Tg where T; = T3(1 — e_%) < T3. Thus, the outputs h; = x; of all agents converge to x* of (5)
within the prescribed-time interval T + 15 + T3, i.e., imy_, gy 1741y Ti(t) = 2" and z(t) = 27Vt €
[to +T1 4+ Ts +T3,+OO) ,Vi e V.

Finally, given that y3(¢) is bounded on [ta, t> + T} | and removed from the input for ¢ > 5 + T4, u;(t) remains
singularity-free. The proof is now complete. O

Remark 5. The motivation behind the prescribed-time tracking protocol (19) is to simplify the complexity of
resource allocation in second-order systems through a cascaded design. Specifically, we first consider the following
two approaches to solving the resource allocation problem in second-order systems,
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1. Directly designing the input for the second-order system (4) to find the optimal solution of problem (5).
2. First using a virtual first-order system to find the optimal solution, and then controlling the input of system (4)
to track the constant signal output by the virtual system.

It can be observed that the latter cascaded design decouples the original task, simplifying the complexity of the
convergence proof. Additionally, this design facilitates the future extension of the system to more general cases.

4. Numerical Simulation

This section addresses a practical problem of limited power allocation in an electrical network, aiming to
minimize the fatigue damage in individual wind turbines within a wind farm. Such problems often require optimal
power allocation within seconds. Let P;(t) be the real-time power of the i-th turbine (W), P, the total power to be
allocated (W), wi the low-speed shaft rotational speed of the i-th turbine (rad/s), and V! the equivalent hub wind
speed of the ¢-th turbine (m/s). Then the problem can be formulated as the following optimization problem

PN\? P .
<w> + vt

N
st.Y P,=P, VieV,
=1

N
{P{"}i\[:1 :=arg minz
{Pi}évzl i=1

(24)

where [V is the number of wind turbines in the wind farm. In the subsequent simulations, the case of NV = 6 is
considered, and the data communication network topology among the wind turbines is shown in Figure 2.

nt 5
nt 1 nt 4

nt 3

Figure 2. Communication topology.

4.1. Prescribed-Time Resource Allocation in Virtual Wind Farm

For the proposed (7), the prescribed times are set as follows: 7} = T, = 1s. Let Re = log ( ZE’ M)

i=1"p;]
denote the residual between the power of each wind turbine and the theoretical optimal power, and Er =
log (Zf\; P — PO) denote the error between the sum of the power of all wind turbines and the actual total
power P,, where log(-) denotes the natural logarithm. From Figure 3, it can be seen that protocol (7) ensures the
output of the virtual system reaches stability within the prescribed time. From Figure 4, it can be observed that
the system’s equilibrium point corresponds to the theoretical optimal solution. From Figure 5, it can be seen that
the constraint in problem (24) are also satisfied within the prescribed time. In conclusion, it is evident that under
protocols (7), all wind turbines can be allocated the optimal power that minimizes the overall fatigue damage within
the prescribed time.

Additionally, we compared our work with a related study [17], which proposes a prescribed-time continuous
algorithm. To avoid system singularity, their algorithm employs a time-varying scaling function with saturation
to (t) = T_LHU, where o is a small positive constant. However, this approach leads to reduced accuracy at the
prescribed time. As shown in the convergence error comparison in Figure 6, the accuracy of the algorithm in [17] is
lower than that of the algorithm proposed in this paper.
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Power outputs of virtual wind turbines

Overall residual
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sl i
Te(t)
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X
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338 |
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L1 11 12 13 | J
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Figure 4. Residual between the power of each wind turbine and the optimal power using (7).
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Figure 6. Residual comparison between the proposed (7) and the algorithm in [17].
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4.2. Prescribed-Time Signal Tracking

Set the signal tracking time 73 to 1 s. Using protocol (19), as can be seen from Figure 7, all wind turbines can
track the optimal power allocation found in the virtual system within the prescribed time.

O =)

)
3t () = r3(t) |4
a3(t) —r3(t)
2 4(t) — ri(t)|
@5(t) =3 (1)
tr z6(t) — r5(t)]| |

61"1 (t)

1 0.4 7
0.2
-2 -
> 0
3l -0.2 J
-0.4
4 | | | | 0.75 0.8 0.85 09 0.95
0 0.2 0.4 0.6 0.8 1 % 12
Time(t)

Figure 7. Tracking error using (19).

5. Conclusions

To solve the resource allocation problem in a distributed manner efficiently, this paper develops a singularity-
free prescribed-time algorithm. The innovative application of the time-space deformation approach addresses
the singularity problem compared to traditional algorithms, enhancing the algorithm’s practicality. The proposed
singularity-free prescribed-time signal tracking controller for second-order multi-agent systems expands the algo-
rithm’s applicability scope. In the future, how to reduce the complexity of the proposed algorithm and expand the
generality of the communication topology will become the next research goals.
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