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Abstract: This paper is concerned with the linear minimum mean square error estimation (LMMSE) for
the multi-rate sampling systems with multi-channel observation delays and unknown Markovian packet
losses. The original system is firstly transformed into a single-rate jumping parameter system with multi-
channel and delay-free observations by employing the lifting technique and introducing a set of reorga-
nized observations and Markov chains. Then, the single-rate system is converted into a general linear
system without delays by defining a new group of extended states. Based on the innovation analysis
method, a liner minimum mean square error estimator is developed, and the estimator gain is obtained in
terms of generalized Riccati difference equations based on a set of coupled Lyapunov equations. There-
fore, the original state estimation problem is solved via the jumping parameter property. Finally, the con-
vergence of the Riccati equation is analyzed and a stationary filter is obtained. The novelty of this paper
lies in the introduction of the reorganized observations and multi-state Markov chains.

Keywords: linear estimation; markov packet losses; observation delay; reorganization observation meth-
ods

1. Introduction

With the development and progress of the control science, the networked control system (NCS) has become a
popular research topic due to its wide applications in various practical areas, such as fault warning [1], target tracking
[2], power grids [3, 4], transportation [5], and energy storage [6]. However, since the NCS transmits information
through the communication network, the limited bandwidth inevitably leads to unreliability of the transmission chan-
nel, such as transmission delays and data losses [7—11]. In recent years, state estimation for the NCSs has attracted
much attention with fruitful results reported in the literature such as the H., filter [12, 13], Kalman filter [14, 15], set
membership filter 16, 17], and moving horizon estimator [ 18, 19].

As it is well known, in the practical industrial systems, the production process is always influenced by nonlin-
ear factors. Nevertheless, in the modeling process of real industrial systems, the system model should be designed as
simple as possible to maintain the essential system characteristics and facilitate system analysis and synthesis. There-
fore, the linear system model is employed to characterize the basic features of practical systems such as companding
signal processors [20], mixing tank systems [21] and direct current motors [22], where the influence of nonlinear fac-
tors on the system is not significant. In this paper, we focus on the optimal filtering for linear NCSs with delays and
packet losses.

As for state estimation of discrete systems with time delays, some classical techniques have been developed
such as the state augmentation method [23], polynomial method [24], reorganized innovation analysis method [25]
and linear matrix inequality (LMI) algorithm [26, 27]. For state estimation of systems with packet losses, the packet
loss is usually characterized by the Bernoulli process [28] or the Markov process [29], and the estimator design can
borrow ideas from the estimator design for Markov jump linear systems (MJLSs) and multiplicative noise systems
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[30]. Actually, the NCSs with random transmission delays can also be transformed into systems with packet losses
and transmission delays [31—37].

On the other hand, the multi-rate sampling system, which has shown great importance in improving estimation
performance and energy conservation, has been applied to replace the traditional NCSs in a wide variety of fields,
such as signal storage [38], transmission [39] and processing [40]. Up to now, there has been numerous results for the
single-rate sampling systems, but such results cannot be extended to deal with the multi-rate sampling systems
directly, which motivates the investigation of state estimation for the multi-rate sampled systems [41—44]. For the
multi-rate uniform sampling system, the lifting technique and state augmentation method have been used in [45] to
transform the multi-rate system into an equivalent single-rate system, and then an LMMSE has been designed for the
augmented state. In [46], a novel “sampled output augmentation” method has been developed to deal with delayed
and infrequent primary measurements by designing a multi-rate Kalman filter. The equivalence has been verified
between the proposed method and the traditional fixed-lag smoothing method. For the random multi-rate sampling
system [47], a new state model has been developed to describe the dynamics of the measurement sampling points
during the state update period. By applying the innovation analysis methods, a non-augmented state estimator has
been designed which is dependent on the data loss rate.

Unlike the filter design of single-rate sampling systems, the state estimation of multi-rate sampling systems
becomes more complicated accounting for the different sampling periods of sensor components. In summary, so far,
the state estimation has not been fully studied for NCSs with multi-channel observation delays and multiple unknown
Markov packet losses, especially for the unreliable multi-rate sampling system, which is worthy of further studies.

Motivated by the above analysis, the purpose of this paper is to design a linear state estimator for multi-rate
sampling systems with unknown multi-channel Markov packet losses and observation delays. A new set of two-state
Markov chains is introduced to characterize the multi-channel packet losses. The original multi-rate sampling system
is firstly transformed into a single-rate sampling system with packet losses and observation delays by the lifting tech-
nique, and further converted into a Markov jumping parameter system with multi-channel and delay-free observa-
tions by using the reorganization observation technique and introducing a new set of multi-mode Markov chains.
Since the original packet loss is unknown, the realization of the Markov chain in the converted models is unknown. A
new set of states is defined which contains both the original system state and the indicator functions of the new
Markov chains. Based on such states, an LMMSE is derived on the basis of the innovation analysis method, where
the estimator gain is given in light of a set of generalized coupled difference Riccati equations (GCDREs) with a set
of coupled Lyapunov equations. So the original state estimation can be obtained through the characteristics of jump
parameters. It can be proven that under appropriate assumptions, the GCDREs converge to a set of generalized cou-
pled algebraic Riccati equations (GCARES), resulting in a stationary filter. The stationary filter gains can be per-
formed off-line. Finally, the effectiveness of this algorithm is verified through a simulation example. The main novel-
ties of the current research work can be summarized as the following aspects.

1) The state estimation problem for multi-rate systems with multi-channel observation delays and unknown
Markov packet losses is considered.

2) The lifting technique and the reorganization observation technique are used to transform the original system
into a single-rate and delay-free one.

3) A new set of Markov chains is introduced to characterize the multi-channel packet losses.

4) The proposed algorithm is recursive and suitable for offline calculation.

The remainder of this paper is organized as follows. In Section 2, the problem statement and some preliminar-
ies are given. In Section 3, the LMMSE is developed based on the innovation analysis method. In Section 4, the con-
vergence analysis is given and a stationary filter is obtained. Finally, Section 5 provides a numerical example, and
Section 6 draws some conclusions.

Notations: Throughout this paper, R" denotes the n -dimensional Euclidean space, R™" represents the norm
bounded linear space of all m X n matrices. Moreover, diag {---} means a block-diagonal matrix. For L € R™" LT
stands for the transpose of L. E(.) indicates the mathematical expectation operator, 1;; stands for the Dirac measure,
and I1(.) means the occurrence probability of an event.

2. Problem Formulation and Preliminaries

2.1. Problem Formulation

Consider the following multi-rate sampling data system with multi-channel Markov packet dropouts and obser-
vation delays:
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x(k+1) = A,x(k) + B,w,(k), 1)

yi(kh) =y (kh)Hx((k = Dh) +vi((k = Dh),

2
1=0,1,---,r, )

where x(k) € R" is the state sequence, y,(kh) € R",[=0,1,---,r is the measurement dropout sequence, w,(k) € R”
is the process noise, and v,(kh) € R#,[=0,1,---,r, is the measurement noise in the /th channel. A,,B, and
H;,1=0,1,---,r, are matrices of appropriate dimensions. The random variables y,(kh) € {0,1} (I=0,1,---,r) are
employed to describe the observation dropout,, and each y,(kh) is modeled as a time-homogeneous two-state Markov
chain with the following transition probability matrix (TPM):

l-q qi
II; = , 1=0,1,---,r, 3
: pPi l-p 3

where g, = Pr{y,(kh+h) =1|v,(kh) = 0} is the recovery rate and p, = Pr{y,(kh+h) = 0| y,(kh) = 1} is the failure
rate. Denote

mi(kh) = Priy(kh) =i—-1},i € {1,2}. @)

Assume that 0 < p;,¢; < 1. Then, there exists the limit probability distribution 7;; = [71;; 72| with

Pi

T = s T = .

pit+aq pitq
Assumption 1: The initial state x,, w,(k) and v,(kh), [=0,1,---,r, are null mean white noises with covariance
matrices Py, @, and R, (!=0,1,---,r), respectively. xo, w,(k) and v,(kh) (I=0,1,---,r) are mutually indepen-
dent.
Assumption 2: {y,(kh)},_, are mutually independent.

The estimation problem considered in this paper can be formulated as follows.

Problem: Given system (1)-(2), we aim to derive an LMMSE estimator X(k | k) such that

E{llx(k) = X(k | I | y(0), - -, y(kh)} (%)
is minimized, while the estimator gains are deterministic.

2.2. System Transformation

In this part, we first transform the multi-rate sampling data system into a single-rate system with multi-channel
observation delays and packet losses by the lifting technique.

By iterating (1) after & steps, the state update at the measurement sampling instant k+ 1 can be established as
follows:

x((k+ Dh) = Ax(kh) + w(kh), (6)
where
A=Al (7
and the new system noise is defined as
h-1
w(kh) =" AVB,w,((k+ h—m—1). ®)
m=0

The statistical properties of the system noise can be computed by

h—1

Q.= AVB,Q,B! (AM)".

m=0

Next, we employ the reorganization observation method to transform the multi-channel observation delay system into
a delay-free one. In view of the definition of y(kh), we rearrange the received multi-channel observations to elimi-
nate the hindrance of the observation delay. A new sequence without delays is constructed as
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yo(sh)

yi((s+Dh)

¥,(sh) = O0<s<k-r, )

(54 k)

Yo(sh)

yi((s+1)h)
, - r<s<k. (10)

)_] k—s(Sh) = .
Yi-s(kh)
Then, y,(sh) and y,_,(sh) are the delay-free observations which satisfy

3(sh) =T, (sh)H,x(sh) +.(sh),

11
0<s<k-r, (1
)_/k—s(Sh) :Fk—s(Sh)Hk—sx(Sh)+‘_)k—s(5h)v 12
k—r<s<k, (12)
where
[ vo(si)I 0 0 O
0 vi((s+DWI 0 O
T, (sh) = . ,
0 0 0
| O 0 0 v.((s+rmwl
Yo(sh)I 0O 0 O
0 vils+ DI 0 0
[hs(sh) = ) ,
0 0 0
L 0 0 0 )/k—v(kh)l
H, H,
_ H, _ H,
Hr = . ’ Hk—s = . s
Hr h kaa
vo(sh) ] vo(sh)
vi(sh) vi(sh)
‘_}r(Sh) = . ’ ‘_)kfs(Sh = . )
v.(sh) | Vi-s(sh)

with v,(sh) and ¥,_,(sh) being white noises with zero means and following covariances:
Rr = dlag {RO’ e er} s
Ri_, = diag{Ry, - ,Ri_s}.

Moreover, we introduce a set of new multi-mode Markov chains to convert the delay-free system (9) and (10)
into a Markov jumping parameter system. This method is named as the reorganization Markov chain method.
For0<s<k-r,

)_)V(Sh) = 7_{rﬂ,(sh)x(Sh) + ‘_}r(Sh)» (13)

Wr,f),(sh) = Fr(Sh)Hr s (14)

where the jumping variable is specified by the following equations:

r+l

6,(sh) =1+ 2"y, i (sh), (15)

i=1
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6,(sh) €N, = {1,2,--- 27"},

with N, = 2"*1.
The TPM for the Markov process {6,(sh)} is denoted as I, = pf;)] which is given by

M, =11, I, , ®- - TI,. (16)
Moreover, denote the distribution of 8,(sh) as

pri(sh) = Pr{6,(sh) = i} ,i € N,, (17

1 (5h) = [ (sh), = pton, (5] (18)

60,(sh) has the following unique stationary distribution:

Hr = [unls""ﬂnAL]Ts

which satisfies I}im wri(kh) = p,; fori e X,, and

U =T,QM,_1 Q- ®T. (19)

For k—r<s<k,
Fi-s(sh) = Hi_s g, siyx(sh) + D _s(sh), (20)
Hissmy = Ti_s(sh)H,_, (21)

where the jumping variables are specified by the following equations:

k—s+1

Os(sh) = 1+ > 271y, ((sh), (22)

i=1

Or_s(sh) € Nis = {1’2,,,, ’2k—s+1 } i

with N,_, = 2k=+1,
The TPM for the Markov process {6_;(s)} is denoted as M, =[ pgc_—w] which satisfies
1=[k_5=Hk_s®Hk_s_1®---®H0. (23)
In addition, define the distribution of 8;_,(sh) as

Hi—s,i(sh) = Pr{0_,(sh) = i},i € Ny_y, (24)

Mi—s(sh) = [Mk—s,l(Sh), e ,ﬂk—s,Nk,,\(Sh)] T~ (25)
0y_s(sh) has the following unique stationary distribution:
T
Hi-s = [ﬂk—s,l,"' ,,Uk—s,N,} >
which satisfies %im Hi—s.i(k) = s for i € 8y, and

Hi—s = Tp—s @My—5-1 @+ - @ TWp. (26)

3. Design of the LMMSE Filter

Note that the packet loss in each channel is unknown, so the jumping parameters are unknown at the present
time. In this paper, we will estimate the state and Markov chains synchronously by introducing the following
stochastic variables:

Zr,j(Sh) = X(Sh)lw,(sh):j],

27
0<s<k-rj=1,--,N, @7
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Zk—s,j(Sh) = X(Sh)lwk,\(sh)q), (28)
k-r<s<k,j=1,---,N_,

a(shy=[ 2y(shy - 2y (k) ], (29)

asshy=[ 2,6l - 2y ], (30)

where 1 represents the indicator function.
In view of (27) and (28), the new state equation can be written as the following compact form.

(i)ForO0<ss<k-r,

N, N,
Zej(sh+ 1) = " Azei(s) g onp + D W(Sh) Lig = L sty

i=1 i=1

N, N,
= ZAZr,i(Sh)p;j + ZAZr,i(Sh) (Lo ssnr=iy = ) €2y

i=1 i=1

N,
+ Z W(Sh)l(e,(s):i} L, (s+D)=j}-

i=1

Then, we have

2 (sh+h) = A,z,(sh) + B, (sh) + B,,(sh), (32)
where
A, =TI'®A,

[ 3o Azui(sh)By (sh)

B,(sh) = : ,
L S, Az (sh)Bly, (sh)
[ wsh) g, 9= Lig o=y

B,»(sh) = s
L S wsh) Lo, =i Ligsen=n,)

Bii(sh) = Vg, cshemy=jy — Pij-

(ii) For k — r<ss<k,

Ni—s Ny
s, j(Sh+h) = Z Az (sh)pi;* + Z Azisi(sh) (Lo sen=y = PIS°)
i=1 i=1 (33)

Ne.
+ ) (s, comi oo

i=1
Then, we have
Zk—s(Sh + h) = A_kfszkfs(Sh) + kas,l (Sh) + kas,Z(Sh)’ (34)

where
A =TI ®A,
[ N Az (sh)BES (sh)
Bis1(sh) = : ,
L ;V;I\AZk—s,i(Sh)ﬁflgiy(Sh)
R w(sh) g, =i g, s+1=1)
Bi_so(sh) = : ,
L Brwlsh) g, =i Lo e n=ni.

k— f—
Bii*(sh) = Lig_nem=jy = Pij -

60f19


https://doi.org/10.53941/ijndi.2025.100005

1JNDI, 2025, 4, 100005. https:/doi.org/10.53941/ijndi.2025.100005

Therefore, the newly constructed state can be estimated directly.
The observations are further transformed into the following forms:

3(sh) = Gz, (sh) +V,(sh), O0<s<k-r, (35)
.)_)kfs(Sh) = kaszk—s(Sh) + \_/k,s(sl’l), k—r< Sgk, (36)
with
G, 2 [ H,y - Hop, ],
G_k‘f = [ '}{kﬂ,l Wk—.v,Nk,\ ]

Thus, the LMMSE estimation problem for system (1)+2) is transformed into the one for (1), (29) and (30).
Before starting the design, some new definitions and notations are introduced.
Definition 3.1: Given the time kh for 0< s<k — r, the LMMSE predictor Z-(s | sh = h) is defined as the projection
of z,(sh) onto the following linear space:

L{)_}r(Sh)|0§s<k—r} . (37)

For k—r < s<k, the LMMSE predictor Z-s(s | sh—h) is defined as the projection of z;_,(sh) onto the fol-
lowing linear space:

L{yk—s(sh)|k—r<s<k} . (38)

Definition 3.2: Define the one-step prediction Yr(sh | sh—=h) as the projection of ¥,(sh) onto the linear space of (31),
and ;_,(sh | sh—h) is the projection of ¥;_;(sh) onto the linear space of (32). Denote the corresponding innovation

sequences as
&.(sh) = y,(sh)=y,(sh| sh—h), O0<s<k-r, (39)

E1-5(5h) = Fuos(sh) = Ji—s(sh | sh—h),

40
k—r<s<k, (40)

then we can say that {Sf(Sh)|0§s<k7r} and {Sk—S(Sh)Ik—rgsgk} are in fact mutually independent zero mean pro-
cesses, which span the same linear space as in (31) and (32). Furthermore, we define

W,(sh) £ E [&,(sh)e] (sh)], 0<s<k-r, 41)
Wis(sh) 2 E g, (sh)ei_,(sh)|,  k—r<s<k. (42)
Define
Z(sh| sh—h) = z,(sh) = Z,(sh | sh—h),
0<s<k-r
Zj—s(sh | sh=h) = zj_(sh) — Zk_s(sh | sh—h),
k—r<s<k,

Z,.i(sh) £ E{z..(sh)z(sh)} ,0<s <k—r,i€N,,
Z,(sh) 2 E{z.(sh)z} (sh)} = diag|Z,(sh)],0<s < k-,
Zisi(sh) 2 B{ziyi(sh)zi_, (sh) } .k — r<<s<k,i € Ny_,
Zi_s(sh)2E {zk,s(sh)z,{,s(sh)} =diaglZ_;,(sh)],k—r<s<k,
Z,(sh|sh—h) £E{Z(sh|sh—h)zl (sh|sh—h)},
0<s<k-r,
Zi_(sh | sh—h)
2 E{Z(sh| sh—mZ_(sh|sh—h)},
k—r<s<k.

The second-order moment matrices of the augmented states and the corresponding innovation sequences are
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given below.

Lemma 3.1: The second-order moment matrices Z,(sh) and Z;_,(sh) are diagonal matrices, which can be

lated as follows.
For 0<Xs < k —r, the matrix Z,(sh) satisfies

Z,(sh) = diag [Z, ,(sh)] ,

N, N,
Z.j(sh+h)=> " pAZ.(sHAT +> " 1, (sh)p}) Q...

i=1 i=1
JEN,,

where the initial value is
Zr,j(o) = ﬁr(O)P(O)a jE Nr'
For k — r<s<k, the matrix Z;_,(sh) satisfies

Zk—s(Sh) = dlag [Zk—s,j(Sh)] >

Nis Ny
Zicsr j(sh+h) = piVAZ (AT + > s i(sh)pl ™ Ou,

i=1 i=1

j € Nk—s-

Proof: See appendix A.
Denote

Z,(sh) £ (Z1(sh), -+ . Z,.n, (sh))

Zi-s(sh) = (Zk—x,l(Sh)s e 7Zk—x,NH(Sh)>
and define the operators

To(sh,Z.) = (Tri(sh, Z,), -, Trn,(sh, Z)),

7-kfs(Sha Zkfs)
= (77(—5,1 (Sh’ Zk—s)s T 7~k—s,N,H (Sh, -Zk—s))s

Dy(sh) 2 (D (sh),--, Doy ().

Dk—s(Sh) = (Dk—s,l(Sh)’ e sDk—s,NA,‘(Sh))

by

N,
T,,(sh,Z) = Z PAZ(sWAT, 0<s<k,
i=1
j = ] PR Nr3

Ni-s
Ties (50, 2) 2y piVAZ i(sh)AT,

i=1

k—r<s<k,j=1,---,Ni,

N,
D, j(sh) £ Y ri(sh)plf O,

i=1

0<s<kj=1,-,N,
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Ne,
D —5,J sh) = —s8,0 sh (‘]f_S) ws
k ,]( ) ;#k ,( )pz_/ Q (57)
k—-r<s<k,j=1,--,Ni_,
then the coupled Lyapunov equation can be rewritten as
Z(sh+h)=T,(sh,Z,)+D,(sh), 0<s<k, (58)
Zies(sh+h) = T1_(sh, Zi—s) + Di_(sh),
ks ( ) =Ti—s( k-s) + Di—(sh) (59)

k—r<s<k,
Lemma 3.2: The second moment matrices W,(sh) (0<s <k—r) and W;_,(sh) (k—r<ss<k) satisfy the follow-
ing equations:

W, (sh) =G,Z(sh | sh—h)G" +R,,

60
0<s<k-r, (60)

Wk—s(Sh) :G_k—sZk—s(Sh | sh— h)G_]Z-—s + Rk—n
k—r<s<k.

(61)

Proof: See Appendix B.

Now, we are in the position to derive the main results of this paper. The covariance matrices of the estimation
errors are given by the following theorem.
Theorem 3.1: The covariance matrices 7 (sh+ i | sh) (0s<k—r)and 7, (sh+h|sh) (k—r<s<k) canbe
formulated as follows.

() For Os <k—r,Z (sh+h | sh) satisfies the following GCDRE:
Z.(sh+h| sh) =A,Z,(sh | sh—h)AT +E(Z,(sh)) + Dg(D,(sh)) )
~A,Z(sh| sh—)G"W,(sh)"'G,Z,(sh | sh— )AL,

where the initial value is
Z,(0| —h) = diag {41 (0)Py, -+ ,un,(0)Po } (63)
and

N,
E(Z(sh)) =diag{ prjAZ,.,,-(sh)AT} -A.Z.(sh)AT,

i=1

N,
D(D,(sh)) =diag{ > _ ui(sh)p};0. }-

i=1
(ii) For k—r<s<k, 7, (sh+h| sh) satisfies the following GDCRE:
Zios1(sh+h | sh) =A_Zy—(sh | sh—h)AL_ +E(Zi(sh))
+ Dg(Dy—y(sh)) = A, Zy_y(sh | sh—h)G]_, (64)
X Wiy (sh) "' Gy Zy—s(sh | sh— AT,

where

A, =TI ®A,
Ni-s
E(Zi-i(sh)) =diag {Z p§§S>Azk_s,,~(sh)AT}
i=1
- Ak—sZk—s(Sh)A]{_p
Ni-s
Dg (Dy-,(sh)) =diag {Z p§§f3‘>uk_.;,i(sh>Qw} .
i=1

Proof: See Appendix C.
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On the basis of Theorem 3.1, we will design the LMMSE estimator of x(kh) by the innovation analysis
method.
Theorem 3.2: Consider the multi-rate sampling system (1) and (2). The LMMSE (kA | kh) is given by

Nics
R(kh | kh) =) " Zgi(kh | kh), (65)
P
where Zk-si(kl [ kh) s the i-th block element of Zk-s(kf | kh)_ which can be obtained iteratively by the following

steps.
(i) For 0=<s <k—r, 2(sh|sh) can be calculated by the following difference equation with the initial value

201 -1)=E(z(0)) =0 and
2,(sh | sh) =2,(sh | sh—h)+Z.(sh | sh—h)G"

| . (66)
X W, (sh)™ (3,(sh) = G, 2, (sh | sh=h)),
2.(sh| sh—h) = A,3,(sh—h| sh—h). (67)
(ii) For k — r<s<k, Z-s(sh | sh) can be computed by the following recursive equation:
2es(sh | sh) =2_((sh | sh—h)+Zi_y(sh | sh— )G 8
X Wiy(sh) ™" (Fi-s(sh) = Giy2k—s(sh | sh—h)) .
2i_s(sh| sh—h) = Ai_Zr_s(sh—h | sh—h). (69)

Proof: On the ground of the relationship between x(sh), z,(sh) and z;_,(sh), the proof follows easily from the
derivation process of Theorem 3.1, and is therefore omitted here.

Note that Theorem 3.2 supply the state estimator at the measurement sampling time, but the estimator at the
state update instant is not supplied.
Theorem 3.3: The original state estimator at the states update instant has the following form:

x(t) = X(kh | kh), t=kh, (70)
X(t)=x(kh+p|kh), t=kh+p, p=1,2,---,h, (71)

where
X(kh+p | kh) = APx(kh | kh). (72)

Proof: On the basis of the iteration of x(k%) in (6) and the projection of x(kh + p) on the linear space {y(0),y(h), -,
y(kh)}, we directly have the predictor of the state at instant kh.

4. Stationary Linear Filter

In this section, we will show that the GCDRESs (Z,(kh + h | kh) and Z,_ (kh+ h | kh)) converge to a set of
GCAREs when k& — oo. Then, we develop a stationary filter according to the obtained GCAREs. First, some defini-
tions and assumptions need to be made.

Definition 4.1 [30]: We say that system (1) is mean square stable (MSS) with w(k) =0, if E (||x(k)||2) —0 as
k — oo for any initial condition xq satisfying E (||xo|* < o0).
Assumption 4.1: System (1) is MSS according to Definition 4.1.
Assumption 4.2: The Markov chain 6(kh) is ergodic.
Furthermore, we introduce the following GCAREs:

Y, =AY, Al +&(Z,) + Dg(D,) o)
_AY,GT(G,Y,GT +R)\G, YA,
Yies =AY AL +E(Zi )+ Dg(Diy)
- Akfs ?kfs(_;/z;s(ékfs ?kfsélfs + kas)_l (74)
X kas i;kfsAlzfs'
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Next, we will prove that GCDREs (62) and (64) converge to GCAREs (73) and (74), respectively, and there
exists a set of positive semidefinite solutions to GCAREs (62) and (64). It can be seen that if the GCDRE (62) for
Z.(sh+h| sh) (0=s <k—r) converges, then after finite iterations, (64) converges to (74) as well. In addition, if
there is a stable solution to (73), there is also a stable solution to (74). Therefore, it is only necessary for us to prove
the convergence of (62) and find the existence condition for the stable solution to (73).

Based on the Proposition 3.36 in [30], and in light of Assumptions 4.1 and 4.2, we have Z,(sh) —» Z, as
s — oo, where Z, = (Z,,l, 2y, ) is the unique solution to the following coupled algebraic Lyapunov equation:

N,
Zj=> Py (AZAT +1:0,).j €N,. (75)

i=1
In what follows, for any matrix Z, € B (R"),Z,20, define T(Z,) € B (R”,R"") as
T(Z) £ -A,2,G'(G,Z,G" +R,)™". (76)
Recalling from (73), we make the following definition:
T, (sh) £ —A,Z,(sh| sh—h)G"

_ o~ N 77
x (G, Z(sh| sh-m)G! +R,) .
Substituting (77) into (62) yields the following form:
Z.(sh+h| sh)=(A, + T,(sh)G,)Z,(sh | sh—h)(A, + T,(sh)G,)" %)
+8(Z(sh)) + Dg(D,(sh)) + T,(sh)R, T,(sh)".
Notice from Lemma 3.2 that the inverse matrix of W,(sh) is well defined since
G, Z,(sh| sh—h)GT +R,=R, > 0. (79)

The following is the main result of this section where the core task is to establish the asymptotic convergence of
Z,(sh | sh— h)- Before that, we need to present two auxiliary results.
Let  be given such that inf,>, u,;(€h) > 0 holds for all i € N, Define

a,;(sh) = ;llli,ur,i(gh + kh).

Obviously, for i € N,, we have
Wi(sh+kh)=a,,(shy=Za,. (sh—h). (80)

Define 7 (sh) 2 (Z,1(sh),-++,Z,n,(sh)) With Z, 0)=0, j e N, and

N
Zosh+h)y =Y py (AZ(SWAT + i (5h)Q.,) (81)

i=1

Recalling the definition of Z, = (Z, 1, ...,Z, ) in (75), we obtain the following result.
Lemmad.l: 7 (sp) ‘" z, and foreach k= 0,1,2,---, 0<<s < k—r, we have

Z(sh+kh)=Z,(sh)=Z,(sh—h). (82)

Proof: See Appendix D.
Define

N,
Vr(Sh + h) = Arvr(Sh)AZ + S(Zr(Sh)) + dlag [Z ar,i(Sh)pijQw"|

Py (83)
+A,V,(sh)GT (G,V,(sW)GT +R,) ™" G,V,(sh)AT
where V(0) = 0. Notice that from Lemma 3.2, the inverse matrix of G, V,( sh)GT +R, is well defined.
Lemma 4.2: Foreachk =0,1,---,0<<s < k—r, we have
0=V, (sh)<V,(sh+h)<Z,(sh+h+«kh| sh+«kh). (84)

Proof: See Appendix E.
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In the following theorem, we first demonstrate the existence of a unique positive semi-definite solution to Y, for
the GCARE. Then, we prove that for a positive integer « > 0, there exist lower and upper bounds V(sh) and

Y,(sh+«h) on Z (sh+xh | sh+«h— h) suchthat Z (sh + kh | sh+ kh — h) asymptotically converges to Y.
Theorem 4.1: Suppose that the Markov chain {6,(sh)} is ergodic and system (1)-(2) is MSS. For any Z,(0) =

(Z:1(0),-++,.Zox(0) with Z,(0)=0,i€N, and Z(0|-h)= diag[Z.(0)]~Z01-=0, Z (kh+h|kh)
given by (58) and (62) satisfies
Z.(sh+h|sh)'> Y,
where Y, is the unique positive semidefinite solution to the following GARE:
X=AXA"+Q,+&Z,)-AXG'(G.XG +R,)"'G,XA!. (85)
Moreover,
re(A, +T(Y,)G,) < 1.

Proof: See Appendix F.
Corollary 4.1: The stationary LMMSE filter X(k7 | kh) is

Nies
ROk | ki) = 20, (kh | kh), (86)
i=1

where 20,(kh | kh) is the i-th block element of 2\(kh | ki) which can be obtained iteratively by the following

steps.
(i) For0<s<k-r, Z9(sh | sh) can be calculated by the following difference equation:

29 (sh | sh) =2,(sh | sh—h)+Y,G'(G,Y,G" +R,)™

X (3,(sh) — A2 (sh | sh—h)), (87)
0<s<k-r,
29 (sh | sh—h) = A2 (sh—h|sh—h), (88)

(ii) For k — r<<s<k, £\(sh | sh) can be calculated as follows:

20 (sh| shy =2 (sh| sh—h)+ Y, Gl (G Vi ,GI_ + Ri_y)™!
X (Fuos(sh) = AZY (sh | sh—h)), (89)
20 (sh| sh—h) = A2\ (sh—h| sh—h).
Proof: From Theorem 4.2, it can be obtained that the error covariance of the infinite time state estimator converges to
a unique solution. Therefore, the result can be obtained immediately by replacing the error covariances in (66) and

(69) with the stable solution in the Theorem 4.2.
Corollary 4.2: The infinite time estimator at the state update instant has the following form:

290 = RO (kh | kh), t = kh, (90)
) =39%kh+p|kh), t=kh+p, p=1,2,---,h, 91)

where
F9(kh+ p | kh) = AP RO (kh | kh). (92)

Proof: For k — co, we have formulas (90) and (91) by calculating the projection of formula (92) on linear space
{3(0),y(h),--- ,y(kh)}. This completes the proof.

5. Numerical Example

Consider the following linear discrete-time system:
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2 11 2
~17 -08 x(kh)+[0.1 }W(kh)’

Yo(kh) = yo(kh) [ 4 2 ] x(kh) +vo(kh),
yi(kh) =y, (kh) [ 3.1 } x(kh — h) + v, (kh),

x(kh+h) = {

where w(kh) and v;(kh) (i=0,1) are white noises with zero means and covariance matrices Q =1 and
R; =1,i=0,1, respectively. Set the initial value x, and its covariance matrix to be

o] 30

Let the channel packet loss parameters be

p1=0.80, p,=0.20,
q1=0.75, ¢»=0.25.

For the proposed optimal state estimator, 50 Monte Carlo experiments are carried out and the following simulation
results are obtained. Figures 1 and 2 show the path of the Markov packet loss in two periods. Figure 3 shows the tra-
jectory of the real and its estimated value of the first component of x(k). Figure 4 shows the trajectory of the real state
and the estimated value of the second component of x(k). From the simulation results, it can be seen that the filter
derived in this paper has good tracking performances.

2.0
1.8 |
161
1.4}
12 ¢
| e S S e

0 10 20 30 40 50 60 70 80 90 100

Time (k)

Markov chain

Figure 1. An sample path of packet loss of the first channel.

2.0
1.8
1.6
1.4
1.2
1.0

Markov chain

0 10 20 30 40 50 60 70 80 90 100
Time (k)

Figure 2. An sample path of packet loss of the second channel.

. —Real state x,
——-Filtered x,

State value x,

0 10 20 30 40 50 60 70 80 90 100
Time horizon

Figure 3. Simulation of the state value (blue line) and estimation (red line) of the first state component trajectory x; .
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—Real state x,
15 ——-Filtered x,

State value x,

0 10 20 30 40 50 60 70 80 90 100
Time horizon

Figure 4. Simulation of the state value (blue line) and estimation (red line) of the first state component trajectory x,.

6. Conclusion

This paper has mainly studied the linear state estimation problem of multi-rate sampling systems with erasure
channels. For the multi-channel packet loss with unknown Markov jump parameters, a new Markov chain has been
established to simulate the random packet loss process. By introducing some new state variables and using the reor-
ganization technology, the original system model has been transformed into a delay-free Markov jump system. Then,
a set of GDREs has been conducted based on the Lyapunov equations with analytical solutions obtained. Finally,
convergence analysis has been conducted and a stationary filter has been obtained.
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Appendix A. Proof of Lemma 3.1

Proof: From (31), it can be shown that the following Lyapunov-like recurrent equation for the second moment
matrix Z,;(sh) holds where 0<<s<<k,i=1,---,N,.

Z, i(sh+h)=E {z,,,-(sh)zzi(sh)}
N, N,
=Y PYAZ(WAT + " pri(sh)p]) O (93)
i=1 i=1
j=1,---,N,.
Here, the initial value is Z,.;(0) = u,;(0)Py fori=1,---,N.
Similarly, (47) can be obtained. The proof is completed.
Appendix B. Proof of Lemma 3.2

Proof: In view of (35)-(36) and the projection theorem, it can be obtained that

$.(sh | sh—h) =G,3,(sh| sh—h), 0<s<k-r, (94)
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Vies(sh | sh=h) = G, 5_s(sh| sh—h), k—r<s<k. (95)
Then, it can be deduced from (39) and (40) that

&,(sh) = G,z,(sh | sh—h) +7,(sh), (96)

8k—s(Sh) = G_k—szk—s(Sh | Sh - h) + l_)k—S(Sh)' (97)
By the definitions of W,(sh) and W,_,(sh), we have

W,(sh) = E [&,(sh)] (sh)]

- o (98)
=G,Z,(sh| sh—h)G' +R,, 0<s<k-r,

Wk_s(sh) =F [ek—s(Sh)SZ—s(Sh)]

S . (99)
=Gy—yZp-s(sh| sh—h)G,_,+Ri_s, k—r<s<k.

This completes the proof.

Appendix C. Proof of Theorem 3.1

Proof: We first consider the case of 0=s < k — r. Define <-(s/ | sh) as the projection of z,(sh) onto the linear
space {¥,(0),---,y,(s)}. Based on the projection formula, we have

Z.(sh| sh) =z,(sh| sh—h)+ E [z,(sh)sf(sh)]

X E [e,(sh)s! (sh)] ' &,(sh). (199
From (96), we have
E [z,(sh)e," (sh)] = Z.(sh | sh—h)GT. (101)
Substituting (101) into (100), we have
2.(sh | sh) =5,(sh | sh—h)+Z,(sh | sh—h)G,T (102)

X W,(sh)™ (3,(sh) = 5, (sh | sh—1h)).

On the other hand, it can be seen from (32) that
2,(sh+h| sh)=A,z2.(sh| sh)
+E [B,,l (sh) | £.(0),&.(h),- - ,s,(sh)] (103)
+E [Ba(sh) | £0),,(h), -+ ,&,(sh)] .

From Assumptions 1-2, we have

2,(sh+h| sh) =A,%,(sh | sh).

- B . (104)
=A,2(sh | sh=h)+ F,(sh) (5.(sh) = 3,(sh | sh—h))

with
F,(sh) = A,Z.(sh | sh— )G W,(sh)™".
In view of (32), (102) and (104), we obtain
Z.(sh+h|sh)=z.(sh+h)—Z.(sh+h| sh)
= Arzr(Sh) + Br,l (Sh) + Br,Z(Sh)
—A, 2, (sh| sh—h)+Z,(sh| sh—h)GTW,(sh)™!
X (§:(sh) = y,(sh | sh—h)))
= A, Z.(sh| sh—h)+ B,.1(sh) + B, (sh)
—F,(sh)G,z,(sh | sh—h)—F,(sh)v,(sh).

(105)

Setting
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B,o(sh) = (A, — F.(sh)G,)z.(sh | sh—h), B,3(sh) = F.(sh)v,(sh),
we have
Z,(sh+h| sh) = B,o(sh) + B,.1(sh) + B,,(sh) + B,3(sh).
On the ground of the assumptions given in Section 2, we have

E(B,o(sh)B],(sh)} =0, [=1,2,3
E{Bryl(sh)BrTy,(sh)} =0,1=23

E(B,,(sh)BT,(sh)} = 0.

Furthermore, the covariance matrices of B,,(sh), [ = 0,1,---,3, can be derived as follows:

E{B,0(sh)Blo(sh)} = (A, = F.(sh)G)Z,(sh | sh—h)A,— F.(sh)G,)",

N,
E{(B,,(sh)B],(sh)} = diag{ > _ pjAZ..(sh)A"} - A, Z,(sh)A],

r,
i=1

N,
E(B,2(sh)BL,(sh)} = diag{ Y " u,.(sh)p};0.}-
i=1
E{B,3(sh)B/;(sh)} = F,(sh)R,(sh)F (sh).
In light of (108)—(114), the GCDRE can be obtained as follows:

Z,(sh+h| sh) =A,Z,(sh | sh—h)AT +E(Z,(sh)) + Dg(D,(sh))
—A,Z,(sh| sh—h)GT(G,Z.(sh| sh—h)GT +R,)"!
xG,Z,(sh| sh—mA" .

(64) follows immediately from the similar derivation line of Z (s | si — h)- This completes the proof.

Appendix D. Proof of Lemma 4.1

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

Proof: Let us now show (82) by the mathematical induction method. For sk = 0, the result is obvious, since

Z.(kh)=0= Z,(0) and Z,(h)=0 = Z,(0)- Suppose that (82) holds for sh. Then, from (80) and (82), we have

N,
Zof(sh+h+xh) = pi; (AZ(sh+ kAT + 1, (sh+ xkh)Q,)

i=1

N,
=Y pij (AZ(sWA” +a,i(sh)Q,)

i=1

= Zr,j(Sh + h)

N,
=" pij (AZui(sh—mAT +a,(sh—h)Q,,)

i=1

= Zr,j(Sh)~

(82) is shown by the mathematical induction method.

Appendix E. Proof of Lemma 4.2
Proof: Let us show (84) by the mathematical induction method. Set
S, (sh) = —AV,(sh)G" (G, V,(sh)G" +R,)™".

If V.(sh) SZ(sh +kh | sh—h+ «kh), it follows from (80) and (82) that
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V.(sh+h) =(A, +T.(sh+kh)G,)V.(sh) (A, +T,(sh+kh)Gl)

N,
+8&(Z,(sh)) +diag lz @ (sh)p; jQw]

i=1

+T,(sh+«h)R, T(sh+«h)" = (T,(sh +«h) - S ,(sh))

X (G,V(sh)G_,T + R,) (T.(sh+«kh) =S .(sh))" )
<(A, +T,(sh+h)G.)Z.(sh+kh| sh—h+«h)

X (A, +T,(sh+«h)G,)" +E(Z.(sh+«h))

N,

+diag [Z pri(sh+ kh)p;; Qw] +T,(sh+&h)R, T,(sh+kh)"

i=1
=7,(sh+h+kh| sh+«kh).
Obviously, V(0) = OSZ,(Kh | kh—h), showing that V,(sh)gz(sh +«h | sh+h+«h) holds for all k=0,
1,2,--+,0<<s < k—r. Similarly, if V,(sh) = V,(sh— h), from (80) and (82), we have
V,.(sh) =(A+ S ,(sh)G,)V,(sh—h)(A+ S ,(sh)G,)T

N,
+&(Z,(sh—h))+diag lz a,i(sh—h)p}, le

i=1

+ Sr(Sh)RrS )‘(Sh)T - (S r(Sh) - Sr(Sh - h))

x (G,V,(sh—h)G" +R,)™ (S (sh)—S (sh—h))"

(118)
< (A, +S (sh)G )V, (sh)(A, + S ,(s)G ) +E(Z,(sh))

N,
+diag lz ar,i(sh)pijW] +S,(shR.S ,(sh)T

i=1

=V, (sh+h).
Since V,(0) = 0<<V,(h), the induction argument is completed for (84).

Appendix F. Proof of Theorem 4.1

Proof: From the MSS of system (1)-(2), we have r,(A) < 1 from Proposition 3.6 in [30]. Based on the stan-

dard results for GAREs, we conclude that there exists a unique positive semi-definite solution Y, € B (RN”) to (85)
where (A, + T(Y,)G,) < 1 (see [48]).

Furthermore, Y, satisfies

Y, =(A,+T(Y,)G)Y(A, +T(Y,)G) +&Z,) 119
+ QL+ TV, T(Y,). (119
Define Y(0) = Z(0 | -1) and

Y,(sh+h) =(A, +T(Y,)G,)Y,(sh)(A, +T(Y,)G,)" (120)
+8(Z,(sh) + 0, + T(Y,)R, T(Y,)".
Let us show by induction that Y, (sh) ZZ(sh | sh—h). Since

Z,(sh+h| sh) =&(Z.(sh)) + O, + (A + T(Y)G,)Z,(sh | sh—h)
XA, +T(Y)G) +T(Y)Q,T(Y,)"
s o (121)
~(T,(sh) =T(¥,)) (G, Z (sh | sh -G +R,)
X (T,(sh) = T(Y,)",
from (120) and (121), we have
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Y,(sh+h)—Z(sh+h| sh)
= (A, + T(Y,)G)(Y,(sh) — Z,(sh | sh—h))
X (A, +T(Y,)G,)" +(T,(sh)—T(Y,))
X (G,Z,(sh| sh— )G +R.0)(T,(sh)—T(¥,))".

(122)

By definition, we have Y,(0)=Z.(0|-1). Suppose Y,(sh)=Z.(sh|sh—h). From (122), we have
Y.(sh+h) ZZ(sh + 1| h). Therefore, we have shown by induction that Y, (sh) ZZ(sh | sh—h) holds for all k.

From the MSS and ergodicity of the Markov chain, we obtain Z,(sh) iy Z,. Based on Proposition 3.36 in
[30], it can be concluded that Y, (sh) kifo Y., where ¥ satisfies

Y, =&, + T(V)G )Y, (A, + T(¥,)G,)"

+8(Z)+ 0w+ TR, T(Y,)" (123)

and ¥, is the unique solution to (123). Recalling that Y, satisfies (119), we know that ¥, is also a solution to
(123). From the uniqueness of the solution, we have y_ = y, . Therefore, we have

Z.(sh| sh—h)<Y,(sh) (124)

and Y, (sh) =5 ¥,.

It follows from (124) and (84) that O<XV,(sh)<XY,(sh+h)<\Y,(sh+h+«h). Thus, we can conclude that
V,.(sh) 1 V, when k — co for V,=0. Moreover, from the fact that «,;(sh) iy i and Z,(sh) gy Z,, wehave V,
satisfies (85). From the uniqueness ~of the positive semi-definite solution to (85), we conclude that V, = Y,. From
(124) and (84), we have V.(sh)<<Z,(sh+«kh|sh—h+«h)<Y,(sh+«kh). Since V,(sh) = Y, and Y,(sh) - Y, as
k — co,wehave 7 (sh | sh—h) ko Y, - This completes the proof.
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